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Abstract: We prove new bounds for weighted mean values of sums involving Fourier coefficients of cusp 
forms that are automorphic with respect to a Hecke congruence subgroup F < 5L(2,Z[i]), and correspond 
to exceptional eigenvalues of the Laplace operator on the space L^(F\5i(2, C)/S'?7(2)). These results are, 
for certain applications, an effective substitute for the generalised Selberg eigenvalue conjecture. We give 
a proof of one such application, which is an upper bound for a sum of generalised Kloosterman sums (of 
significance in the study of certain mean values of Hecke zeta- functions with groessencharakters) . 

Our proofs make extensive use of Lokvenec-Guleska's generalisation of the Bruggeman-Motohashi sum- 
mation formulae for PSL{2,Z[i])\PSL{2,C). We also employ a bound of Kim and Shahidi for the first 
eigenvalues of the relevant Laplace operators, and an 'unweighted' spectral large sieve inequality (our proof 
of which is to appear separately). 
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Outline of Results and Methods 



In [4] Bruggeman and Motohashi have obtained summation formulae for PSL{2,Z[i])\PSL{2,C), anal- 
ogous to the summation formulae for P S L{2,Z,)\P S L{2,M.) of Bruggeman [2] and Kuznetsov [15,16]. Their 
first formula shows that a certain wide class of sums involving Fourier coefficients of modular forms may be 
expressed in terms of sums of 'generalised' Kloosterman sums; their second formula does the reverse (and is a 
partial inverse of their first formula). In order to distinguish these two types of summation formula, we shall 
use the terminology 'spectral to Kloosterman summation formula', and 'Kloosterman to spectral summation 
formula'. Subsequently, in [19], Lokvenec-Guleska succeeded in generalising this work of Bruggeman and 
Motohashi, so as to obtain, for each imaginary quadratic number field F = Q(a/D). and for each Hecke con- 
gruence subgroup r of the special linear group SL{2, Op) (where D p denotes the ring of integers of F), the 
corresponding summation formulae for T\SL{2, C). Our aim in this paper is to describe several applications 
of the case F = Q{i) of these generalised summation formulae. Hence we assume, in what follows, that F is 
one of the Hecke congruence subgroups of the group SL(2, Z[i]); these subgroups, and the 'levels' with which 
they are associated, are defined at the beginning of the next section. Our applications of the summation 
formulae include new bounds for mean values of sums involving Fourier coefficients of modular forms, and 
new bounds for sums of generalised Kloosterman sums. Our results depend, in part, upon the best available 
lower bound for the absolute value Ai = Ai(r) of the first non-zero eigenvalue of the Laplace operator A on 
the space L^{T\SL{2,C)/SU{2)). This is currently the bound Ai > 77/81 of Kim and Shahidi [13,14]. 

In the spectral theory of L^(F\S'L(2, C)) utilised in [19] the fundamental building blocks are not so 
much individual modular forms as whole subspaces V that are irreducible and invariant with respect to the 
right-actions of all elements of SL{2,C), and that are also 'cuspidal' (in that the F-automorphic functions 
they contain have, at each cusp of F, a Fourier expansion in which the 'constant' term is zero). Associated 
with each of these subspaces V there is a pair of 'spectral parameters' (vv^Pv) € C x Z satisfying either 
vv € *[0, cxd), or else Py & (0, 2/9) and pv = (these are the parameters appearing in the equations (1.1.4) 
below). Moreover, for each V, and each cusp c € Q{i) U {oo}, there are associated Fourier coefficients Cy{m) 
(0 ^ m G Z [?']), which occur in the Fourier expansion at c of every one of a certain system of generators of 
the space V (for details see (1.1.5)-(1.1.9) below). To state our results it is convenient to define the 'modified 
Fourier coefficient' Cy(TO;j^y,py) to be equal to {TTlml)"^ {m/\m\)~P^ Cy{m). 

A countably infinite set of pairwise orthogonal cuspidal subspaces V arise in the spectral decomposition 
of L^(F\S'L(2, C)), but do not generate the whole of that space: indeed, the complete form of this spectral 
decomposition involves, in addition to the subspaces V, certain subspaces generated by continuously weighted 
mean values of Eisenstein series (for more details see (1.1.2), (1.1.3), (1.1.12) and (1.1.19) below). On one side 
of the summation formulae (of Bruggeman and Motohashi, or Lokvenec-Guleska) stand sums and integrals 
defined in terms of the spectral data and Fourier coefficients discussed above; on the other side are sums of 
'generalised Kloosterman sums' Sa,bi'rn, n; c), where the cusps a, b and m, n E — {0} are fixed, and where 
the summation is over all c lying in a certain countably infinite set C C* with no point of accumulation 
in C (see (1.1.13)-(1.1.15) and (1.1.1) for the relevant definitions). 

In the paper [22] (to appear) the case F = Q(z) of the spectral to Kloosterman formula for To{q) 
obtained in [19] is slightly generalised, so as to apply for arbitrary pairs of cusps a, b (rather than just for 
a = b = oo); by means of that generalised formula, and bounds for the relevant generalised Kloosterman 
sums, we obtain, in [22, Theorem 1], the spectral large sieve inequality which is reproduced as 'Theorem 2' 
in this paper. In the present paper it is instead the Kloosterman to spectral summation formula, Theorem 1 
below, that has the more prominent part to play (though we use the spectral to Kloosterman summation 
formula in proving Theorem 11). 

To understand what motivates much of our work one has only to consider the application of this 
Kloosterman to spectral summation formula with the 'test-function' / = Fx given by 

Fx{z) = ^{X\z\') {zee*), 

where X >2, and the function $ is infinitely differentiable on (0, oo), with support [1/2, 2] and range [0, 1], 
say. By (1.2.1), we have 

(r) (r) 

E S a,b (Tn,n;c) ^ (2t^ JrrmX r hi \-r^T^ i \ , \ 
IcP I c ) =^2L/'^vi'^'^'^v,Pv)Cv{n;i^v,Pv)i<^Fx[i^v,Pv)-\ , (0.1) 
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where the transform K/(i/,p) is given by (1.2.2)-(1.2.4), while the ehipsis signifies a sum involving 
modified Fourier coefficients of Eisenstein series, and the suffix '(F)', placed above both summation signs, 
serves only as a reminder that the set "C*", the Kloosterman sum Sa,b{m,n;c) and the relevant set of 
cuspidal subspaces V are dependent on the Hecke congruence subgroup F C SL(2,Z[i]). Note that, since $ 
has support [1/2,2], the first summation in (0.1) is effectively a sum over the finitely many c G ''C'' which 
satisfy X'/2 < |cp < 2X', where X' = 47r^|mn|X. By Lemma 2.2 of this paper, one moreover has 

KFx(j/,p) <$ (logX)X-lfl(l + for (i/,p) eiRxZ. (0.2) 

Since the relevant spectral parameters {vv,Pv) s-rc either contained in zR x Z, or else have pv = and 
< V < 2/9, it follows by (0.1), (0.2) and the spectral large sieve inequality (Theorem 2 below) that 



(r) „ , . , s (r) 

^ n, c) I l-K^inm ^ q^^^^^^^^^^) ^ ^ 4(m; i/y, 0) c^n; 0) Ki^x(^v, 0) , (0.3) 

ce»c' '''''' V c y 



^-<\c\''<1x• 



where (see the discussion around (1.1.11) below) the last summation is certainly finite, and each relevant 

V (if there be any) corresponds to an eigenvahie \y of the (symmetric and positive) operator —A on 
L-^(r\5L(2, C)/S'?7(2)) satisfying \y — \ — Vy < \; this is, moreover, a bijective correspondence. If the 
generalised Selberg eigenvalue conjecture (for which see [7, Chapter 7, Part 6]) is correct, then the sum over 

V in (0.3) is empty. In the absence of any proof of this conjecture it remains relevant to note that, by 
Lemmas 2.2 and 2.3 of this paper, 

zv-^X" KFx(z^,0) <4. i^-^X'^ for < < 1/2 and X ^ +oo. (0.4) 

Hence, if it is (for example) the case that the eigenvalue Ai(r) is both 'exceptional' (i.e. less than 1) and of 
multiplicity 1, then by (0.3) and (0.4) one will have 



E^^^ Sa,b{'m,n;c) f 2ny/rrm 
n2 — 

^<\c\^<2X' 



^1 



X"' as X +0O, (0.5) 



where vi = \J\ — Ai(F), and where Vy is that cuspidal subspace V which occurs in the spectral decomposition 
of L^(r\S'L(2, C)) and has (vy^py) = (i^i, 0). It is therefore reasonable to expect that, in the event that the 
sum over V in (0.3) being non-empty, that sum will be the crucial determinant of the asymptotic behaviour 
(as X +oo) of the sum of Kloosterman sums appearing in (0.3). By the bound Ai > 77/81 of Kim and 
Shahidi, one has < i^i < 2/9 in (0.5), and < i/y < 2/9 in the sum over V in (0.3). 

We follow the pattern set by Deshouillers and Iwaniec [5], in considering weighted mean values (over 
m and n) of the sum of Kloosterman sums appearing on the left-hand sides of (0.5). Their results on 
sums of generalised Kloosterman simis associated with Hecke congruence subgroups of SL{2,Z) had (see 
[5, Section 1.5]) numerous applications to problems concerning the multiplicative number theory of the 
rational integers: so one motivation for this paper is to obtain results that may help to similarly advance the 
multiplicative number theory of the Gaussian integers. Bearing in mind the equation (0.3), and the bounds 
in (0.4), we are led (via the Cauchy-Schwarz inequality) to investigate what upper bounds may be obtained 
for the sums 



(ro(9)) 

a-g{h,N;X)= X-^y 



V 



^ bnCy{n;i/v,0) 



N 



(0 5^geZ[i], aeQ(i)u{oo}), (0.6) 



where A^, X > 1, C > 1 and To{q) is the Hecke congruence subgroup of SL{2,Z[i]) of level q, while the 
coefficients 6„ (0 ^ n e Z[i]) are arbitrary complex numbers (collectively represented by the symbol 'b'). 
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Usually wc have cither C = 2, or C = 4. Note, moreover, that 'n', in the above, is a Gaussian integer 
variable of summation (i.e. it ranges over all values in Z[«] permitted by the conditions attached to the 
summation sign). Indeed, since most of the summations that appear in this paper are summations over 
it has suited us to make it our convention that, where there is nothing to indicate the contrary, variables of 
summation are understood to be Gaussian integer variables. 

Our principal results presuppose a uniform bound of the form 

Re{uv) <^<l, (0-7) 

such as follows (with ?9 = 2/9) from the lower bound Ai > 77/81 of Kim and Shahidi. By combining 
the bound (0.7) with a carefully targeted application of the Kloosterman to spectral summation formula, 
we obtain, in Theorem 4 below, an upper bound for fT°(b,iV;X). The proof of this result, and those of 
Theorems 5, 6 and 7 are modelled on the proofs of the analogous results in [5]. 

In Theorems 5-9 we specialise to the case a = oo, and consider the mean value, over levels q G 
satisfying a condition of the form Q/2 < < Q, of the sum a"^ {a., N; X): note that Theorems 8 and 9 
apply only when the relevant coefficients (0 7^ n G Z[i]) are of a special type. Theorems 6 and 7 are a 
key tool in our proofs (by induction) of Theorems 5 and 9: they enable one to relate the mean value 

S{Q,X,N)= J2 <(a,iV;X) 
f <I?I'<Q 

to other mean values of the same form, but with X and Q replaced by other numbers (and, in the case of 
Theorem 7, with each coefficient a„ replaced by the corresponding product a„|np'*, where t is some real 
number independent of n). In cases where both Q/N and X/{Q/N) are sufficiently large, the result (1.3.7) 
of Theorem 5 is a sharper upper boimd than that which follows directly from Theorem 4 and (0.7). 

We consider Theorem 9, which is an analogue of [21, Theorem 2], to be the foremost achievement of 
this paper. Indeed, both Theorems 8 and 9 are play a crucial part in a significant application that we will 
come to shortly (after some discussion of Theorem 8, and of the proof of Theorem 9). 

Theorem 8 is (as shown towards the end of Subsection 1.3) an easy corollary of Theorem 9. There 
is, of course, a direct proof of Theorem 8 (one considerably shorter than that of Theorem 9), but we have 
not included it in this paper. A measure of the strength of Theorem 8 is that, in respect of cases where 
I < X < Q^/N and the coefficients a„ satisfy the required hypotheses (i.e. with H = N), it yields the same 
bound for the mean value S{Q, X, N) as would follow (by Theorems 3 and 4), were it known to be the case 
that, for every e > 0, one has Ai(r) > 1 — e for all but finitely many of the Hecke congruence subgroups 

r = ro(g)<5L(2,z[i]). 

Our proof of Theorem 9 resembles that of the analogous result [21, Theorem 2] in having three distinct 
phases. In the first phase (to which Sections 5 and 6 are devoted) we obtain, ultimately through Lemmas 6.1- 
6.3, a bound for a sum of the form 

pjtO qjtO h k e 

where S(u,v;w) denotes the 'simple Kloosterman sum' defined in (1.3.6), and where it is supposed that 
Gm, (t^m = 0(1) for 7^ m e Z[i]; that e C for £ e and that the function (/? : -> C is 'sufficiently 
smooth' (in the sense made clear at the start of Section 6) and, for some Zi , . . . Z5 > 1 , has its support 
Supp(!y5) contained in the set {z e : Zj/2 < Izj]"^ < Zj for j = 1, . . . , 5}. 

The steps in the proof of Lemma 6.1 are similar to steps in the initial part of the proof of [21, Proposi- 
tion 2.1]. The only (rather minor) novelty there is the use of Poisson summation over Z[i], instead of Poisson 
summation over Z. Although it would require some additional hypotheses concerning the coefficients and 
T^, the entire proof of [21, Proposition 2.1] could be adapted for the current context: this would not yield 
identically the same bound for TZ as that obtained in Lemma 6.3, but would nevertheless produce a result 
from which Theorem 9 could be deduced. Rather than do this, we instead take the opportunity to try out 
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some new ideas, in the hope of achieving a proof in which the key features are less obscured by lengthy 
computations than is the case in respect of the proof of [21, Proposition 2.1]. 

Our primary innovation (in the estimation of TZ) is to be found in the proof of Lemma 6.2. There 
we apply, in conjunction with the Cauchy-Schwarz inequality, a 'special analytic large sieve for which 
is obtained in Lemmas 5.8 and 5.9 (as a corollary of Huxley's more general large sieve estimates in [9, 
Theorem 1]). This ultimately results in the bound for TZ that we obtain in Lemma 6.3. That bound, however, 
is not quite adequate for our purposes, for it is only obtained subject to quite stringent conditions (these being 
the same conditions as appear in the hypotheses of Lemma 6.1). The hypothesis that Q » ma,x{HK, L}, is 
the most irksome of these conditions; it causes Lemma 8.4 to be conditional upon having R> N; and if we 
had no means of setting aside this last constraint, then we would be unable to deduce the case 1 < Q < N 
of the result in Lemma 8.5, which would (at best) make the deduction of the result of Theorem 9 more 
difficult. These considerations prompt our work in Section 7, which is an application of the Parseval identity 
[19, Theorem 8.1] pertaining to a certain subspace of L^(ro(g)\5L(2, C)). In Lemma 7.3 we find that 

S{R,X,N)^{logRi){S{Ri,X,N) + S{2Ri,X,N)) for l<R<^Ri. (0.8) 

Hence, at the (acceptable) cost of increasing our final bounds on S{Q,X,N) by a factor 0(logA''), we are 
effectively able to nullify the condition R > N oi Lemma 8.4, and so compensate for the above mentioned 
inadequacy of the bound for TZ obtained in Lemma 6.3. 

Lemma 8.5 marks the end of the second phase of our proof of Theorem 9. At the end of Section 8 comes 
the third and final phase, in which it is shown (with the help of Lemma 4.2, a corollary of Lemmas 6 and 7) 
that Theorem 9 follows by induction from Lemma 8.5. 

In the paper [23] (to appear), an analysis of the contribution of 'off-diagonal terms' to a certain mean 
value of groessencharakter zeta-functions (a smoothly weighted majorant of the mean value J(D, N) defined 
in (1.4.22) below) leads to a sum of generalised Kloosterman sums 5'(,_t,(m, n; c), in which a — 1/s, with 
^ s G Z[i], and b — oo, while the relevant discrete subgroups of 5L(2,C) are Hecke congruence subgroups 
ro('''s) ^ SL{2, l^li]), with ^ r G Z[i] and r coprime to s. This is analogous to the situation which obtained 
in respect of the proofs of both [6, Theorems 1 and 2] and the later result [21, Theorem 1]; and it provides 
the motivation for Theorem 10 of the present paper, in which we obtain a bound for the sum of generalised 
Kloosterman sums in question that is (if one allows for the stronger lower bounds for Ai (F) now available) 
analogous to the bound obtained in [21, Proposition 4.1] . 

See the end of Section 1.4 for a brief description (with some history) of the main result obtained in [23]. 
Note, in particular, that the proof, in [23], of the bound (1.4.23) for J{D, N) depends critically on the result 
that we obtain in Theorem 10. Since Theorem 10 is essentially a corollary of Theorems 3, 4, 8 and 9, the 
part it plays in [23] therefore constitutes a significant application of those results. 
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§1. Definitions and Statements of the Results 
§1.1. The Space L'^(r\G), Kloosterman Sums and Fourier Coefficients of Cusp Forms 

Let D = Z[i] (the ring of Gaussian integers). Then, for each non-zero q G D, the Hecke congruence 
subgroup of SL{2,0) of level q is the group 

^°^«) = {(c ^d)^SL{2,0):c€qD 

endowed with the associative binary operation of matrix multiplication; and all Hecke congruence subgroups 
of SL{2,D) are contained in the set {Toiq) : ^ q € O} {ro(<?) ■ q&^, Re{q) > and lm{q) > 0}. 

Let r be a Hecke congruence subgroup of SL{2, D). Then F is a discrete and cofinite (but not cocompact) 
subgroup of the Lie group G = SL{2, C). A function / : G — )• C is said to be F-automorphic if and only if it 
is such that 

fiia) = fig) for jeT and g€G. 

In preparation for further discussion of F-automorphic functions wc next define a coordinate system and 
measure for G. 

The maximal compact subgroup of G is = SU (2) = {k[a, (3] : a, (3 & C and |Qp + |/3p = l} where 

A;[a,/3] =( % i) (a,^eC). 



-13 a 

One has G = NAK (the Iwasawa decomposition) where N = {n[z\ : 2; e C} and A = {a[r\ : r > 0}, with 

nN=(j 1) (^eC) and «M-('^ 1/^) (^>0)- 

Moreover, each k = k[a,l3] € K has a factorisation of the form k = h [e*'''/^] [e*'^/^] , where ip,9,ip € R, 
h\u]^('' M and - f ^°'(^/2) ^sin(^?/2)^ 

Each g E G has unique Iwasawa coordinates (z,r,6,(p,tjj) E C x (0, 00) x K"* such that 6 e [0, tt) , (f±tlj e [0, Air) 
and ri[-2]aH/i[e"''''^]f [«6']ft-[e*'''/^] = g. In terms of those coordinates (and with x = Re(z), y = Im(z)) 
the subgroups N, A and K have left and right Haar measures dn = d+z = dxdy, da = r^^ dr and 
dk = 2~^7r~^ sin(^) dip dO dtp, respectively. Note that dk here is normalised so that dfc = 2. Similarly 

dg = dn da dk = dx dy dr dk [g = n[x + iy\a[r\k, a;, j/ e M, r > and k G K) 

is a left and right Haar measure for G. 

By [7, Chapter 7, Proposition 3.9], a fundamental domain for the action of SL{2,D) upon G is the set 

where 

J^q{f) = {n[z]a[r] : ^ € C,r > 0, \z\^ + r^>l and |Re(^)|,Im(z) € [0, 1/2]} 

and 

K+ = Ih „ [^gi] g»^/2 : < < TT, < - V < 47r and < -I- ^ < 27r| 

(the latter set being a fundamental domain for the action of the group {/i[l], 1]} on K). Since the group 
F = Fo(g) is of finite index in SL{2,0) = Fo(l), there exist representatives 71, . . . , 7[SL(2,£)):r] of the right 
cosets of F in SL{2,D) such that the set 

[SL(2,0):r] [SL(2,0):r] 

U 7fe^^«= U 7fe-^^(^^+ = ^r\G (say) 
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is a fundamental domain for the action of F upon G. 

Since F 9 1], the F-automorphic functions / are even (i.e. they satisfy f{h[—l\g) = f{gh[—l]) = f{g), 
for g G G). Given any measurable F-automorphic function f : G ^ C, one defines 

/ f{9)dg= [ f{g)dg 

Jr\G Jj^r\G 

if the latter integral exists (note that this integral is independent of our particular choice of fundamental 
domain Jt\g)- Such a function / is said to be 'square integrable' if and only if 

/ \f{g)\Mg < 00 . 
Jr\G 

We define -L^(F\G) to be the set of all square integrable F-automorphic functions f : G ^ C. This set 
I/^(F\G) is a Hilbert space with inner product 

(/, h)r\G = [ mh{9)dg (/, h e L^T\G)). 

Jr\G 

We now define what is meant by 'Fourier expansion at a cusp': this concept will prove useful in discussing 
the decomposition of the space L^(F\G). When 3 = [zi, 2:2] G P^(C) = C U {00} (the Riemann sphere) and 

one may define 53 = [azi + bz2,czi + dz2] G P^(C) (so that goo = 00 = [1,0] if and only if c = 0). 
This (since F < G) determines an action of F on the Riemann sphere. The 'cusps' of F are the points 
c e P^{Q{i)) = Q{i) U {00}. For a cusp c of F, the corresponding stabiliser and 'parabolic stabiliser' 
subgroups, 

Fc = {7 e r : 7C = c} and F; = {7 e F^ : Tt(7) = 2} , 

(where Tr(7) denotes the matrix trace of 7) are both infinite, with [F^ : F'^] S {2,4}; and it is possible to 
choose a 'scaling matrix' (?c S G such that gcOO = c and 

g-Xdc = {n[a] : a € O} = B+ (say). (1.1.1) 

We assume henceforth that each cusp c of F has assigned to it just such a scaling matrix gc- When / : G ^ C 

is F-automorphic one has / {gi^n[a]g) = f {gcn[a]g~^gi^g^ — f (gcg), for g E G and a E O. Hence if / is (for 
example) a F-automorphic function that is continuous on G, then one has a Fourier expansion at the cusp c: 

where, iov co G D, the function F^f : G ^ Cis continuous on G and satisfies 

(Kf) in[z]g) = e (Re(wz)) (F^f) (5) {g&G,ze C), 

with 'e(a;)' being a convenient notation for exp(27ria;). 

Let °L^(F\G) denote the closure in L^(F\G) of the subspace spanned by cusp forms (we define the term 
'cusp form' below (1.1.10)). Then, by the discussion in [19, Chapter 8], the Hilbert space i^(r\G) has a 
decomposition into mutually orthogonal subspaces, 

L2(r\G) = c e °i.^(r\G) e ''i^(r\G) , (1.1.2) 
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where C denotes the 1- dimensional space of constant functions, while 



°L^{T\G) = ^V, (1.1.3) 

with V running over a countably infinite set of mutually orthogonal 'ciispidal' proper subspaees (in the 
terminology of representation theory each V here is both invariant and irreducible with respect to the 
right-actions of the elements of G). To classify the spaces V we need the two Casimir operators associated 
with G, which are f2+ and fl^ = ri_|_, where in terms of the Iwasawa coordinates (and with d/dz = 
{l/2){d/dx - id/dy) and d/dz = 'djd'z = {l/2){d/dx + id/dy)) one has: 

^ 1 2 9 d 1 9 9 1 . d d 1 9 d 

= + 2 ^ '^'^'^d-zd-^ - 2 '^^ 'd-zde ~ 2 '^^'^d-zd^ + 

I ^d'^ . d d _l d'^ _1 d 1 .d 

By the discussion in [19, Subsection 3.2.2], each V occurring in the decomposition (1.1.3) has associated 
with it a unique pair of 'spectral parameters' (I'v^Pv) € (*[0,oo) x Z) U ((0, 1) x {0}) such that 

^±f=l {i'^v T Pvf - l) / for / e V; (1.1.4) 

and each has, itself, a decomposition into mutually orthogonal proper subspaees: 



CO e 

^=0 ®VK,e,, (1.1.5) 

^=|pv|9=-^ 

with VK,Lq Q {.f eV : QkI = i(^+ 1)^/ and (d/dip)/ = -iqf} for qj e Z, £ > \pv\ and \q\ < (., where 
(the Casimir operator associated with K = SU (2)) is given by 

= \ -^(^) [w^w)- '^^^^'^ '^'Ko ■ 

We follow [4] and [19] in our use of the symbols 'pv' and in the above: it may therefore be worth 
clarifying that 'g', in the context of the spaces VK,i,q in (1.1.5), denotes a rational integer valued variable 
that is independent of the (as yet unspecified) level of the group F. But, from Subsection 1.2 onwards 
(where there is little need to discuss the spaces VK.e.q or related matters, unless it be in respect of the case 
i = Pv = q = 0) generally have F = To{q), so that q then denotes some non-zero Gaussian integer 'level'. 
As explained below [19, Equation (8.3)], each factor VK,e,q in the decomposition (1.1.5) is a 1-dimensional 
space over C, and so contains some generator ^ such that 

Vka<i = <C.fLq (1.1.6) 

(we take this generator to equal the ^Tyfi^qiiy'ViPvY of [19, Chapter 8]). 

The Fourier expansions at cusps of the generators of the above spaces Vxi^q are a central concern of 
this paper. In order to best describe (and compare) these Fourier expansions we now define certain 'Jacquet 
integrals'. For k = k[a, 0] E K and p,q,£ G Z with £ > max{|p|, \q\}, let $p ^ (k[a,f3]) be the coefficient of 
X'^-P in the polynomial (aX -^)^-«(^X + aY+i. Then the system {$^^ : p,q,£ e Z and £ > max{|p|, \q\}} 
is a complete orthogonal basis of the Hilbert space L'^^^^{K) endowed with the inner product {f,h)K = 
Ik f{k)h{k)dk (i.e. the space of even functions f : K ^ C such that |/|^dfc < oo). One has 

2 f 2 1 f 2£ \ f 2£ 

\\KAk = jJK,<i(^)\ dfc= V-p) U-^J P,q,^^Z and £ > max{|p|, 



8 



For oj, u ^ C, with Rc{u) > 0, and £,p,q G Z with i > inax{|p|, one defines <fie,q{i^,p) ■ G ^ C and the 
corresponding Jacquet integral Ju;<fe,g{'^,p) : G — >■ C by: 

<pe,g{u,p){na[r]k) = r^+-'^lg{k) {n € N, r > 0, k € K); (1.1.7) 

{iu>'Pt,q{v,p)){g)= I fi,q{v,p){k[Q,-l]n[z\g)Q{-Re{ujz))dn[z\ for .g € G. 

Jc 

The last integral converges absolutely when Re(z/) > 0: though it fails to do so when Yic{v) < 0, it is shown 
by [4, Lemma 5.1] that if £,p,q,g and ui ^ are given then the function v i— > {Ji^ipi^q{i',p)) (g) has an entire 
analytic continuation. Through this one defines the function 3u:fe,q {t^v,Pv) G ^ C when (vvjPv) are the 
spectral parameters of an arbitrary irreducible subspace V C ''L^(r\G). As noted in [22, Subsection 1.7] (see, 
in particular, [22, Relations (1.7.10) and (1.5.17)]), each term F^f in the Fourier expansion at any cusp c of 
any function / e VK,e,q is a constant multiple of the corresponding Jacquet integral, 3uVe,q {i^ViPv) ■ G ^ C. 
Indeed, it is even possible to choose, for the subspace factors VK,e,q in (1.1.5), a system of generators, 

= {flq e VK,e,q -{0}:£,q€Z,i> \pv\ and \q\ < £} (say), 
such that at each cusp c of F one has Fourier expansions 

flq{9c9)= Yl c'v{^){^^W,<i{^v,Pv)){g) {9€G,e>\pv\&nd\q\<£), (1.1.8) 

with coefficients cv{ui) that, in addition to being independent of g, are also independent of £ and q. The 
system may be normalised so that, for £,q gZ with £ > \pv\ and jgj < I, one has 

5 fll^Pv.Jli ii{iyv,Pv)&i[0,oo)xZ, 

Wq\\r\G = { 

[ r[l+eZ:] \HJk ifO<i^y<landpy=0. 



Subject to this normalisation, the function cy : £) ^ C is determined, up to a constant multiplier of absolute 

value 1, hy V and g^ alone (the same being true of the system B]^). 

It is implicit in the equation (1.1.8) that at aU cusps c of F one has F^fJ^^ig) = for <? G G. Moreover, 
it follows by [19, Lemma 5.2.1] that each fj^ e B^ satisfies, at every cusp c of F, a growth condition 

flq {gcna[r]k) ^vA-i,c r^+^/^^-.r {n G N, k G K and r> R{fl^, c) ), (1.1.10) 

where -R(/, c) > depends only upon / and c. Any such F-automorphic cigcnfunction of both Casimir 
operators Q,± is commonly termed a 'cusp form' (hence the designation of F as a 'cuspidal' subspace). 

The spectral parameters {yy^Pv) associated with the decomposition (1.1.3) merit some further consid- 
eration. Let V be one of the relevant cuspidal subspaccs. Then, as indicated prior to (1.1.4), V is either 
of the 'unitary principal series' (i.e. has vy S «[0,oo) and pv G Z), or else is of the 'complementary series' 
(having < z/y < 1 and = 0). If pv = 0, then the generator f^Q of Vrt.o.o satisfies — A/q^q = XvfoQ, 
where Ay = 1 — and A is the hyperbolic Laplacian operator: 



A = 4 (17+ + ) 1 ^^(^/^^ [d^ + d^2 + 9^)-rg-^ 

with C°°{G/K) signifying the space of infinitely differentiable functions f : G ^ C which, ioi k G K, r > 
and z = X + iy dz C, satisfy f{n[z]a[r]k) = f{n[z]a[r]). By [7, Theorem 1.7] the operator —A is symmetric 
and positive on the space {/ G L^T\G) f] C°^{G/K) : Af e L^(T\G)} D Vk,o,o, which of itself implies 
1 — i^y = Ay > (partially explaining why we have i/y G i[0, oo) U (0, 1) when py = 0). Recent work of Kim 
and Shahidi [14], [13, Theorem 4.10] has shown that Ay > 77/81, so that one has 

(z/y,py) G (0, 2/9) X {0} if y is of the complementary series. (1.1.11) 
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Eigenvalues Ay < 1 (and these only) are termed 'exceptional'. Since the group F here is (in the terminology 
of [7, Chapter 2, Definition 2.3]) cofinite but non-cocompact, at most finitely many of the factors V in 
the decomposition (1.1.3) correspond to such exceptional eigenvalues of —A. Indeed, by [7, Chapter 4, 
Corollary 5.3] one has A^^ < oo (the asterisk indicating summation over those of the cuspidal subspaces 
V occurring in (1.1.3) that have = 0). 

The generalised Selberg eigenvalue conjecture, if true, would (in the present context) entail the complete 
absence of any exceptional eigenvalues: so that all V occurring in the decomposition (1.1.3) would necessarily 
be of the unitary principal series. Whilst the generalised Selberg eigenvalue conjectm-e has neither been 
proved, nor disproved, it is known that certain discrete groups, such as ro(l) < SL{2, C), are not associated 
(in the manner described above) with any exceptional eigenvalues: see [7, Chapter 7, Proposition 6.2] for 
other examples. Yet the current state of knowledge does not, for example, rule out the possibility that there 
may exist an infinite sequence of distinct Gaussian primes, vai,W2, - ■ ■ , such that each group in the sequence 
ro('n7i), ro(tn2), ... is associated with at least one exceptional eigenvalue of —A. It is fair to say that any 
proof of the generalised Selberg eigenvalue conjecture (or of just those cases of it that are relevant) would 
render much of this paper obsolete. 

The subspace °L^(r\G) in (1.1.2) is a special case of the space referred to in [19, Chapter 8] as 
'L^''^°"*(r\G, x)', and (as noted there) is generated by integrals of certain Eisenstein series. In determining 
a suitable set of such generators it helps to note that, by the relation of F-equivalence of cusps (whereby a is 
deemed F-equivalent to b if and only if 7a = b for some 7 G F), the set P^(Q(i)) of cusps of F is partitioned 
into finitely many F-equivalence classes, each of form {7c : 7 G F} for some c € P^(Q(i)). We shall use 
the notation a b to signify that is F-equivalent to b. Let C be a complete set of representatives of the 
F-equivalence classes of cusps in P^(Q(«)). Then, for c € £, £,p,q € Z with £ > \p\,\q\ and u € C with 
Re(i/) > 1, the Eisenstein series E^^^{i',p) : G — >■ C is given by: 

El,{'^,P){9) = jTr^ E ^U'''P)i97'l9) (seG), (1.1.12) 



r',7er;\r 



where <fe,q{i^,p) is as defined in (1.1.7). By virtue of (1.1.1), the sum in (1.1.12) is well-defined. Moreover, 
a property of the function (pe,q{t^,p) : G — > C ensures that if F^ 7^ F'^., and if p is odd, then the terms of that 
sum cancell one another out; since [F^ : F'^] e {2,4} for c € P^(Q(i)), one therefore has 

Ell i^^P)T^O only if p e i [Fc : r'J Z . 

The condition Re(i^) > 1 ensures absolute convergence of the sum in (1.1.12): this, and more delicate 
issues of convergence, are discussed in [22, Subsection 1.8] (but see also [7, Chapter 3], [4, Section 5] or [19, 
Section 3.3]). Here it suffices to record that the Eisenstein series given by (1.1.12) are infinitely differentiable 
F-automorphic functions on G, and inherit from 'Pi,q{i',p) the property of being eigenfunctions of both 
Casimir operators Q.± with corresponding eigenvalues |((i/ =Fp)^ — 1) . 

In parallel with the Fourier expansions (1.1.8) we shall need also the Fourier expansions of the Eisenstein 
series. Preparatory to this we now define certain 'generalised Kloosterman sums'. Given any pair of cusps 
a,b e P^(Q(i)), let 

»r''(c) = |7eF:5-S5t,= (* ^^j for ceC, (1.1.13) 

and put 

"C'' = {c € C - {0} : °F''(c) ^ 0} . (1.1.14) 
Then, for c G "C*" and a;,a;' G D, the generalised Kloosterman sum Sa,b (w, w'; c) is given by: 



S„,b(w,a;';c)= ^ e ( Re ( w ^ + c.' ^ ) ) , (1.1.15) 

r;7r;er;\°r''(c)/r; 



-1 ( «(7) * \ 
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whore e(.T) = cxp{2mx). If a, b G £, and if £,p,q € Z and € C are such that £ > \p\, \q\ and Re(i') > 1, 
then at the cusp b the Eisenstein series Ef^^{i',p) has the Fourier expansion 

El,{v,p) {9,9) = 5l,^a-,p){9) + ^J^^Dl{0;.,p) p'^+i r^(|p| +\ -'ii) '^''^^-"'-P^^^) + 

(1.1.16) 

where 

\0 otherwise, ^ ' 

and 

(r) 

i)^(V;tv,p)= J2 ^a,b(0,V;c)|c|-2(i+'')(c/|c|)'^ (1.1.18) 

(all the sums here being absolutely convergent). Using an evaluation of 5*0.6(0, V-": c) (analogous to the 
classical evaluation [8, Theorem 271] of Ramanujan's sum) it can be shown that when ^ ip G D the 
right-hand side of (1.1.18) converges absolutely for Re(z/) > 0. It may, on the other hand, be deduced from 
(1.1.12) that when a, £, p, q and g are given, the function ly n- E° ^{v,p){g) is holomorphic for Re(i^) > 1 
(see [7, Chapter 3, Proposition 2.5] for the case p = q = £ = Q); and it is known that this function of v 
has a meromorphic continuation to all of C, with a simple pole at f = 1 if and only \{ p = q = £ = and 
with no other poles in the closed half plane {i^ G C : Re(^) > 0}. This may be shown by application of 
Langlands' general theory [18], or by expressing the coefficients D'^{tp; v,p) {tp e D) in terms of Hecke zeta- 
functions: [4, Lemma 5.2] being a prototypic example of the latter approach. Applying this meromorphic 
continuation one obtains, when Re(i^) > and (i^,p) 7^ (I7O), an infinitely differentiable F-automorphic 
function El^{v,p) : G C satisfying n±Elg{iy,p) = ^({uTp)^ - l)El^{v,p). 

Because of the behaviour (as the Iwasawa coordinate r tends to 00) of first two terms on the right-hand 
side of (1.1.16), one has E^^{iy,p) ^ L^(r\G). Nevertheless, by averaging E^ ^{v^p) over a range of values of 
J/ G one can obtain a suitable generator in the space '^iy^(r\G). Indeed, by an extension of [7, Chapter 6, 
Theorem 3.2], one has: 



«L2(r\G) =0 \lEl^{it,p){g)H{t)dt:HeL^{Q,<^)\. (1.1.19) 

Equations (1.1.2), (1.1.3), (1.1.5), (1.1.6) and (1.1.19) describe the spectral decomposition of i^(F\G): for 
the subspace 

L\V\G;£,q) = ^f&L\T\G) : f2^/ = -ii±ll^ / and ^ f = -iqf^ (1.1.20) 

(where wc assume that £,q G Z and £ > \q\), one has a corresponding Parseval identity [22, Theorem A], 
which is a special case of [19, Theorem 8.1]. 

Apart from the coeflacient 5* (, in (1.1.16) possibly being replaced by e^J* j,, for some e G £)*, the Fourier 
expansion (1.1.16)-(1.1.18) is valid for arbitrary cusps a, b of F (i.e. not only for a, b € €.). Indeed, when 
c ^ 0, there will exist a unit e G D* such that E^^^{i/,p) = e'PEl^^{v,p) for £,p, g € Z with £ > max{|p|, \q\} 
and all e C that are not poles of El^{v,p) (the set of poles of the function v ^ Ej^^{i/,p){g) being 
independent of the variable g). 

The meromorphic continuation of the function v h-> E° ^[i',p){g) implies a corresponding meromor- 
phic continuation of each term {F^E° ^{v,p)){g) occurring in the Fourier expansion of the Eisenstein se- 
ries E°^{u,p) at the (arbitrary) cusp b, and hence the meromophic continuation over C of the function 
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V D\[;i\}-,v^'p\ given (for Rc(i^) > 1) by (1.1.18). Lot this mcromorphic continuation define D^{t/j: ly.p) 
when Re(i/) < 1 and v is not a pole. Then (from the above discussion) the function i/ D^{tp; i/,p) either 
has no poles in the closed half plane {v G C : Re(i^) > 0}, or has there just the one simple pole, at v = 1: it 
is, in particular, holomorphic at all points jy E iM. 

In the next three subsections we present our main results. These may be more concisely expressed in 
terms of modified Fourier coefiicients, Cy (w; pv,Pv) and B^{ip; v,p), which, for a, b, c e P^(Q(i)), Q ^ uj & O, 
any cuspidal subspacc V occurring as a factor in (1.1.3), any p e Z and any z/ e C that is not a pole of 
£'^(w; v^p)^ arc given by: 

c\,{oj;yv.Pv) = {A^\y^ {^MV'"' c\r{^) and Bl{oj;v,p) = {t,\u:\Y {uj M)'^ Dl{w;v,p) . (1.1.21) 
Note that these modified coefficients, and the generalised Kloosterman sums defined by (1.1.13)-(1.1.15), are 
to a large extent determined by the F-cquivalence classes of the relevant cusps (rather than by the cusps 
themselves, or by the choice of scaling matrices). This follows from the fact that a b if and only if the 
subset "r''(0) C r given by (1.1.13) is non-empty. For, given the requirement that (1-1.1) holds for all 
cusps c, one can (by a calculation) show that if '"F"(0) 3 71 and ''F''(0) 9 72 then, for some /3i,/32 € C, some 
ei, 62 G D* and some ?7i, 772 € C* with r/J = €j {j = 1,2), one will have 

9a^li9u = h [r]i] n [/3i] , .9(7^2.90 = h [V2] n [/32] and "C = 771 772 "C'' 

(where the sets "C*", are defined by (1.1.14)) and, for cji, W2, G O and 7^ w G D, the identities: 

Su,v (a;i,a;2;ci) = e(Re(^2W2 - ftwi)) Sa,b (eTwi, £2 W2,??i??2 ci) (ci e "C"), 

Cv(w;i/y,py) = e(Re(Aw))c^ {elu;;i/v,Pv) and B'^{w,u,p) = ef e (Re (/32w)) Ba (e2w;z^,p) 
(the latter pair being valid for any cuspidal subspace V occurring in (1.1.3), and any (z^,p) € C x Z such 
that 1/ is not a pole of B^{ui; i',p)). 



§1.2. A Kloosterman to Spectral Sum Formula and Other Key Ingredients 

An essential underlying component of the proofs of the principal new results of this paper is the following 
'Kloosterman to spectral' summation formula for SL{2,C), which is analogous to (though in some ways 
simpler than) the summation formula for S'X(2,M) of Kuznetsov [15,16]. Before stating this formula it is 
worth clarifying, firstly, that when D is an open subset of C, a function f : D ^ C may be termed 'smooth' 
if and only if each of the functions u{x, y) = Re(/(.T + iy)) and v{x,y) ~ Im(/(a; + iy)) (both having the 
set D' = {{x, y) £ M."^ : X + iy £ D} as their domain) is such that, for all n G N, every one of its 2" partial 
derivatives of order n is a continuous real- valued function on D'. Secondly, for cr G M, we use the subscript 
'(ct)' to denote integration from a — ioo to a + ioo along tli(^ c;ontour Re(z) = cr, so that if / is a complex 
function such that the function 1 1->- f{a + it) is Lebesgue integrable on (—00, 00) then 



J f{z)dz = i J f{a + it)dt. 



Theorem 1 (A Kloosterman to spectral sum formula). Let f : C* ^ C be an even smooth function 
compactly supported in C*. Suppose moreover that q,wi,W2 G £) = T,[i\, with quj\_W2 ^ 0; and that £ is 
a complete set of representatives for the T-equivalence classes of cusps for the Hecke congruence subgroup 
F = To{q) < SL{2,D). Then, for all pairs of cusps a, b of F (and all associated pairs of scaling matrices 
ga,gb G SL{2, C) such that (l-l-l) holds for c = a and for c = b ), one has 

'S'g.b (0^1,0^2; C) / 2tT^/^^w£ 



(r) 

= E {u:i\vv,pv) Cy {1^2; vv,Pv) K/ {yv,Pv) + 

V 

+ (-i/4) E / ^c" ('^i; ^,P) B\ {0J2; v,p) K/(i.,p) dv , 



12 



where "C*" and the generalised Kloosterman sums Sa.b {'^i,'^2', c) are as dehned in (1.1.13)-(1.1.15); where the 
system of irreducible cuspidal subspaces V C L^{T\G), spectral parameters {vviPv) G C x Z and modified 
Fourier coefficients Cy (w; uv^Pv) and B'^ (w; v,p) are as described in (1.1.2)-(1.1.11) and (1.1.16)-(1.1.21 ), 
while the subgroups T[ < < F are as defined above (1.1.1); and where (as in [4, Theorem 10.1]) one 
defines the K.-transform by: 

K/(i.,p)= / IC,,p{z)f{z)d^z, (1.2.2) 
with dx-2 = |^;|~^d+^; = |^;|~^da;dy (for ^ z = x + iy and x,y G R), 



^•^Az) = ' 3^^^) ' ' ^^A^) = [u] j;-^^')JUk (z) , (1.2.3) 



2m / z 



and 



z 



\2m 



-2k 



JtM - T (1 2 4) 



Nothing more than (1.1.1 ) need be assumed in respect of the scaling matrices Qc € SL{2, C) chosen for c e C, 
even when ffn{a, b} ^ 0. Similarly, ga may differ from g^, even when a = b. 

Proof. This theorem is a minor extension of Lokvenec-Guleska's result [19, Theorem 12.3.2], which 
appHes only to the case a = b = oo (though being, in other important respects considerably more general 
than our theorem). The proof is a straightforward apphcation of [22, Theorem B] (a spectral to Kloosterman 
summation formula, generalising [4, Theorem 10.1] of Bruggeman and Motohashi, and extending [19, Theo- 
rem 11.3.3] of Lokvenec-Guleska), in combination with Bruggeman and Motohashi's one-sided B-transform 
inversion formula [4, Theorem 11.1] and 'annihilation lemma' [4, Lemma 11.1]. The B-transform in question 
maps any suitable complex- valued two- variable function h{i',p) to the function B/i : C* — >■ C given by: 

Subject to our hypotheses concerning /, we have (see [4, Theorem 11.1]) the one-sided inversion formula: 

ttBK/ = / . (1.2.5) 

In addition, [4, Lemma 11.1] shows that 

[Kf{u,p){p^-,y^)du = 0, (1.2.6) 

To prove our theorem we need only verify that, for some a > 1/2, the function h = K/ satisfies the 
hypotheses (i)-(iii) of [22, Theorem B]: for then the equation (1.2.1) follows by the direct use of (1.2.6) and 
(1.2.5) to effect appropriate substitutions in the case h = K/ of [22, Theorem B, Equation (1.9.1)]. Those 
hypotheses are satisfied hy h = K/ if, when S„ = {v G C : |Re(i/)| < a}, one has all of the following: 

(i) Kf{u,p) = Kf{-u,-p) tov iu,p)€S,xZ; 

(ii) H- > K/(i^, p) is holomorphic on a neighbourhood of the strip S'cr ; 

(iii) K/(t.,p) «y> (1 + |Im(i.)|)-4(l + |p|)-4 (say) for (z/,p) e 5, x Z . 

Note firstly that by (1.2.3) and (1.2.4) the functions J^^k{z) are entire. Moreover, by using the 
relations = (— 1)^ (^ € Z) satisfied by the J-Bessel function J^{z) = {z/2)^J^{z), one may show that 
J-v.-p = Ju.p when both p and v are integers. By this and the first equation in (1.2.3) it follows that the 
functions v Kv,p{z) are entire (the singularities at z/ e Z being removable). In addition, since it is also 
the case that the functions z ^ J^{z) are entire, each function z J^^kiz) is continuous on C*; and so 
the same is true of the functions z Kv,p{z). Therefore (given that / is compactly supported in C*) it 
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follows by the definition (1.2.2) and the holomorphicity of the functions v i— >■ ICv^^iz) that, for each p e Z 
the function v ^ K.f{i/,p) is entire. This has verified that the condition (ii) above is satisfied. 

By [19, Lemma 12.1.1, Estimate (12.24)], the condition (iii) is satisfied for all tr > 0. Finally, since the 
condition (ii) has already been verified, the condition (i) is a trivial consequence of (1.2.2) and the relation 
^i/,p = implicit in the first equation of (1.2.3). The proof is now complete, for it has been shown 

that the conditions (i), (ii) and (iii) hold for all cr > (and so certainly for some a > 1/2) ■ 

Remark 1. The above inversion of the summation formula [22, Theorem B] is one-sided (i.e. non- 
surjective): for it contains no 'diagonal term' (i.e. no counterpart of the term in [22, Equation (1.9.1)] 

with coefficient S^'^^^), whereas, as is pointed out in [4, Section 11], there exist test functions h satisfying 
the conditions (i)-(iii) of [22, Theorem B] that do produce a non-zero diagonal term on the right-hand side 
of [22, Equation (1.9.1)]. 

We next state the principal new result of [22], followed by a very useful corollary. 



Theorem 2. Let e > 0, ^ q E D = Z[i], T = Toiq) < SL{2,0) and K,P,N > 1. Suppose further that 
bn & C for n e D — {0}, and that u,w G D satisfy w ^ and {u, w) ^ 1 (i.e. that u and w are coprime). 
Then, when a is a cusp ofV with a u/w, and when Eq {q, P, K; N, b) and E^ {q, P, K; N, b) are given by 



(r) 



ES{q,P,K;N,h)= ^ ^ b^c^ {n; uy , Pv) 



V neO 
\pv\<P, Wv\<K N/2<\n\'^<N 



(1.2.7) 



EUq,P,K;N,h) = j2 , J rn E / E bnB^{n;it,p)' dt (1.2.8) 



P6^[rc:r 
|p|<P 



N/2<\n\''<N 

(where the terminology used has the same meaning as in Theorem 1 ), one has the upper bounds: 



l+e 



E^{q,P,K;N,h)^ (P' + K^) (^^ + Oe^^^yiy^ IM")!' j j l|b^||^ 
where /x(a) e {1/a : ^ a e O}, 

1 {w,q)q q 



and 



H{a) {w^,q) {{w,q),q/{w,q)) 

/ \ 1/2 



(j=0,i;, (1.2.9) 



(1.2.10) 



(1.2.11) 



0<|Ti|^<Ar 



Proof. This is [22, Theorem 1]: the modification, in (1.2.11), of the notation defined in [22, (1.9.17)] is of 
no significance here, but does help in stating other results below (Theorems 5, 7, 10 and 11 for example) ■ 

Remark 2. Since [r^ : T'J e {2, 4} for all cusps c of T, one may omit the factor (47r [r,. : V^)-^ in (1.2.8). 

Remark 3. The factor |/i(a)|^ in the bound (1.2.9) has its origin in [22, Proposition 1, (1.9.18)], where it 
is established that, for each cusp a of F, the set defined by (1.1.14) satisfies 

"C"c^D-{0}. (1.2.12) 
At(o) 

For /i(o) as in (1.2.10), the ideal (l/y^(a))D and absolute value ]/ti(a)| are determined by the F-equivalence 
class of the cusp a. Since oo Xjq (for F = ro(g)), one has in particular l//i(oo) ~ Xj \i(\lq) ~ q. 
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Corollary to Theorems 1 and 2. Let all the hypotheses of the case wi = a;2 = 1 of Theorem 1 hold. 
Suppose, moreover, that A > 1, e > 0, M, N > 1 and X > 2; and suppose that one has 

fiz)=^{\z\) (zee*), (1.2.13) 

where the function : (0, oo) — ^ C is infinitely differentiable, and has its support contained in the interval 
[A-iX-V2,AX-V2]. Put 

(1.2.14) 



Y = max 

r>0 



<p(3)(r) 



Then, for all pairs of cusps a, b of T, for all choices of scaling matrices (7a, 5b G SL{2, C) such that (l-l-l) 
holds for c = a and for c= b, and for arbitrary complex coefficients a^, bn (0 m,n e D), one has 

(r) 

2^ am 2^ hn ^ /( 1= (1.2.15) 

M/2<|mP<M Af/2<|nP<Ar ce'^C ' ' ^ ' 

(r) 

= TT ^ K/(j/y,0) ^ ttmC^ (m;i^y,0) ^ 6„Cy (n; j/y, 0) + 

V M/2<|mP<M JV/2<|raP<JV 



+ 



Oa ((logX) F (l + Oe (|M(a)|M^+i/2)) ^ (|M(b)|7V^+V2)) ||^^||^ n^^n^j ^ 



where, in tiie first sum on the right-hand side, one sums over just those factors V of the orthogonal decom- 
position (1.1.3) that lie in the complementary scries (i.e. have spectral parameters vy G (0, 1) Si,nd pv = 0); 
and wJiere aii otJier terminology either has the same meaning as in Theorem 1, or else is defined by the 
relations (1.2.10) and (1.2.11) of Theorem 2. 



Proof. For any non-zero Gaussian integers m, n, an application of Theorem 1 yields the case oji = m, 
L02 = n of the summation formula (1.2.1). Upon multiplying both sides of this summation formula by o^6„, 
and then summing over all pairs m,n E D such that M/2 < |mp < M and N/2 < |np < TV, one arrives at 
an expression for the left-hand side of (1.2.15) in terms of a sum involving Fourier coefficients Cy(m; i^v,Pv), 
Cy{n;uv,Pv), B^im^f^p) and B^{n;u,p), and transforms K.f{uv,Pv) and K/(z/,p). The result (1.2.15) is 
deduced from this expression by applying the upper bound 

K/(i/,p)«(logX)y(AVx)l^l(b|!)-2(l + |H)-* {ueiR,pGZ) (1.2.16) 

in combination with bounds for the sums Sj{H, r) which, for r e N U {0}, if € {2*^ : fc € N} and j = 0, ±z, 
are given by: 



Sj{H,r) = l 



E 

V 

i/vGiK, |pv|=r 
H/2<\vv\+-i-<H 



^<|mP<M 



{m;uv,Pv) 



Y, Kcv{n;vv,Pv] 



Y<|nP<JV 



(r) 

E 

[r.:r:]| 



H-l 

E / 

p=±r H , 



amB^ {m;jt,p) 

^<|mP<Af 



N 



E bnBl{n;3t,p) 

<|nP<Af 



if j = 0; 



dt , otherwise. 



The bound (1.2.16) is proved in Section 2 (see the remark following Lemma 2.2 there). As for the relevant 
bounds on the above sums Sj{H, r): it follows by the Cauchy-Schwarz inequality, Remark 2 (above) and the 
case P = r -I- 1, = if - 1 of the bounds (1.2.9) of Theorem 2 that 

SjiH,r) « [r' + H') {r + l)H{l + {M'+^\t,{a)\')f' (l + O, {N'+^\t,{b)f)f' \ 



••JVII2 > 



for r e NU{0}, H = 2'^, 2"^, 2^, . . . and j = 0,±i. On the other hand, for {p,p) € iRxZwith \v\ + l > H/2 > 1 
and \p\ = r, the bound (1.2.16) implies Kf{iy,p) < {\ogX)Y{A^/2y{r\)-'^{r+l)-^H-* (given that X > 2). 
Verification of the 0-term in (1.2.15) may therefore be completed by noting that 



i?=2'= : feeN 



< 1 (for r > 0) 



and 



E 

r=0 



{Ay2y 



exp {A^/2) 
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Remark 4. Let ip : (0, oo) — > C be a function which is infinitely differentiable on (0, oo), and has compact 
support (i.e. support which is a compact subset of (0, oo)). Suppose moreover that the function / : C* — >■ C 
satisfies f{z) = fUz]), for all z G C*. Then, as an almost immediate corollary of Lemma 9.4 (below), it 
follows that the function / is smooth and has compact support: to verify this, one has only to check, firstly, 
that the function fl[u) = ip{\/u) is infinitely differentiable on (0, oo), and compactly supported, before then 
applying that lemma with X = 1, t = and any B > 1 such that [B~^, B] D Supp(f2). 

The bound (1.2.16) for K.f{i',p) does not apply in the 'complementary series' case (i.e. when p = and 
< < 1), so it is of no help in estimating the factors K/(i^y, 0) which occur in the sum on the right-hand 
side of (1.2.15). In Section 2, Lemma 2.3, we show that if A > 1 and X >2, and if /(z) = (p{\z\) {z e C*), 
where the function ip : (0,oc) — ^ C is continuous and supported in [A~^X~^^'^ , AX~^^^'\, then 

K/(i/,0)<A / {(fiir)]— mm{logX,iy-^}X'' for < < 1/2 (1.2.17) 

Jo f 

(note that, by (1.1.11), we do not require information about K/(i/, 0) for v > 1/2). This upper bound is near 

to being best-possible: for if A, X, f and (p remain as just described, if AX~^/'^ < 1/c, with c > 2eJ (where 
7 is Euler's constant), and if the range of ^ is a subset of [0, oo), then, by the remark following Lemma 2.3 
in Section 2, one will have 

f°° dr 

K/(iy,0) »A,c / ip{r)— min {log X,iy-'^}X'' for < < 1/2. (1.2.18) 

Jo ''' 

Upon combining (1.2.17) with Theorem 2 and the Corollary to Theorems 1 and 2, one obtains (under 
the same conditions as those under which (1.2.15) is obtained) the upper bound 

M/2<|mP<M Ar/2<|nP<JV cG^C ' ' ^ ' 

^A,e yX®(«)(logX)(l + |M(a)|M^+V2) ^ |^(b)|Ar-+V2) ||^^||^ H^j^H^ ^ 

with the exponent 6(g) being defined by: 

@{q) = max {Re {vy) : V occurs in the case T = To{q) of (1.1.3)} (1.2.20) 



(so that, by (1.1.11) and the points noted in the same paragraph, 6(g) = y^max{0, 1 — Ai(ro(g))}, where 
Ai(r) = min{Ay : V occurs in (1.1.3) and pv = 0}). Many of our new results depend on the constant 

'&= sup 6(g) (1.2.21) 

OjtqeO 

If the generalised Selberg eigenvalue conjecture is correct then i? = 0. In this paper we seek unconditional 
results, and so make do with the following theorem, which is an immediate corollary of the result in (1.1.11). 



Theorem 3 (the Kim-Shahidi bound). For ^ q & O, one has 



< e(g) < < ^ • (1.2.22) 
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§1.3. New Results on Sums over Exceptional Eigenvalues 



In this section we state our principal new results concerning estimates for mean values involving Fourier 

coefficients of cusp forms (relevant results from [22] and [13] having already been covered in the previous 
subsection) . In stating these results we have chosen not to include very much in the way of ad hoc comments 
on the definitions and terminology already introduced in Subsections 1.1 and 1.2: such definitions and 
terminology arc taken as understood. 

We start with a theorem on a sum over exceptional eigenvalues pertaining to a single level, q. 



Theorem 4. Let e>0,0^q€:O = Z[i] and N.X > 1. Then, for each cusp a of the group T = To{q) < 
SL{2,D), and arbitrary complex coefficients bn (n £ D — {0}), one has 



(r) 



V 
1^1/ >0 



N/2<\n\^<N 



(1.3.1) 



1 



MaN 



where Ma = |/u(a)p, while ||biv||2j m(<i) and 6(g) are as indicated in (1.2.10), (1.2.11) and (1.2.20). 



This theorem is analogous to a resiilt [5, Theorem 5] of Deshouillcrs and Iwanicc; and is proved rising 
the same basic idea (a choice of function /, in applying the Corollary to Theorems 1 and 2, by which the 
sum of Kloosterman sums in (1.2.15) is effectively made void). Full details of the proof appear in Section 3. 

In Theorems 5, 8 and 9 below we obtain some improvement, on average over the level q, of the bound 
(1.3.1). These theorems are each concerned with estimating, for given complex coefficients a„ {n G D), 
i e M, Q, iV > and X > 1, the sum 



(ro(q)) 

St{Q,X,N)= E 



Q/2<\q\^<Q V 



^ an\n\''''c^{n;uv,0) 

JV/4<|n|2<JV 



(1.3.2) 



where we now assume the fixed choice of scaling matrix 

goo 



1 
1 



(1.3.3) 



Note that, when q G D and F = ^o{q), the above choice of gco guarantees that (1.1.1) will hold for 
c = oo; and, with regard to the Kloosterman sum Soo,oo (w, w'; c) given by (1.1.13)-(1.1.15), the choice (1.3.3) 
also ensures that 

°°C°° = qO- {0} 



and 

^eo,co (c^, io': Iq) = S{u, J- Iq) (0 7^ £ e O), 

where, for u,v & D and ^ w £ £), we define the 'simple Kloosterman sum' S{u, v; w) by: 

'ud* + vd^ 



S{u,v;w) 



E 



d mod wD 



Re 



w 



(1.3.4) 
(1.3.5) 

(1.3.6) 



with d* denoting an arbitrary Gaussian integer solution of the congruence dd* = 1 mod wD (and with 
e(a:;) = cxp(27r2.T), as in the equation (1.1.15)). 

In Theorems 5, 6 and 7 the relevant complex coefficients a„ (n S D) may be arbitrary, but Theorems 8 
and 9 require that these coefficients satisfy additional special hypotheses. 
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Theorem 5. Let e > 0. Then, for X > 1, Q,N > and teR, one has 

StiQ, X, N) {QNY {Q + Q^-'^^N-^X-^ + NX^) \\a.N\\l , (1.3.7) 
where is the absolute constant defined by (1.2.20) and (1.2.21). 

Theorem 5 is analogous to [5, Theorem 6]. For its proof (at the end of Section 4) we need the next two 
results. 

Theorem 6 (Change of Weight). Let be given by (1.2.10) and (1.2.22). Then, for X,Y >l, Q,N > 
and t gR, one has 

St{Q,X,N) < max{l, {X/Yf} St{Q,Y, N) . (1.3.8) 

Theorem 7 (Swapping of Levels). Let X > 1, Q,N > 0, t €R, e > and j > 2; and let 

Q* = M-k'^XN/Q . (1.3.9) 
Tiien there exists an L G {Q* , Q* /2 , Q* /2'^ , . . . , Q*/2^} such that 

St{Q,X,N)<0,J J St+u{L,X,N) ) +Oe[x^{Q + Q* + N'+')\\aN\\f). (1-3.10) 



Given (1.2.20), (1.2.21) and the definition of St{Q,X,N) in (1.3.2), Theorem 6 is a trivial corollary of 
Theorem 3 (the Kim-Shahidi bound). For proof of this it suffices to note that when < < i!) one has: 



X -Y (X/Y) <|^^ ifO<X<y. 



Theorem 6, and the use subsequently made of it, are modelled on steps in some of the proofs in [5]. Theorem 7 
is modelled on [5, Lemma 8.1] and (like that lemma) may be proved by exploiting the symmetrical nature 
of a relevant sum of Kloosterman sums. We give the proof of Theorem 7 in Section 4. 

Theorems 6 and 7 are useful for more than just the proof of Theorem 5: they also help us to deduce, 
from certain elementary estimates for sums of Kloosterman sums, the following two theorems (in which 
d e [0,2/9] is given by (1.2.20) and (1.2.21)). 

Theorem 8. Let H > 1 > 5 > 0. Suppose that a„ = a(n) for n & O, where the function a : C — >■ C is 
smooth, has its support contained within the annulus {z G C : H/2 < Iz]"^ < i?}, and satisfies 



{5\x + iy\y+'' -^j—^a{x + iy)=Oj,k{X) , for j, fc e {0, 1, 2, . . .} and x,y e M. (1.3.11) 



Then, for all Q, X > 1, all t G M. and all e > 0, one has: 



where 



St{Q,X,H)<^,{6-' + \t\)''(^l + ^^^^ {Q + Hf+^H, (1.3.12) 



Z{Q,H) = ^+H . (1.3.13) 
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Theorem 9. Let H, K > 1 > S > 0. Suppose that N = HK and that, forO^nG D, one has 

a„ = 5^a(/i)/3(^) , (1.3.14) 

h\n 

where the functions q,/3 : C — )■ C are smooth, have both Supp(a) C {2 g C : H/2 < |zp < H} and 
Supp(/3) C {2; e C : K/2 < |zp < (where Supp(/) denotes the support of f), and, at all points 
{x,y) e M^, satisfy 



{5\x + iy\y~^'' max 



+ k 



■ a(x + iy) 



+k 



dx^dy' 



■Pix + iy) 



Oj-fe(l) (j,k GNU {0}). (1.3.15) 



Then, for all Q, X > 1, all t G M. and all e > 0, one has: 



St{Q,X,N)^, (-^"' + 1*0" ( (1 



X 



Q 



1 + 



X 
H + K 



(1.3.16) 



Theorem 8 is an analogue of [21, Theorem 3]. We think it worth noting that [21, Theorem 3] is a corollary 
of a deeper result [5, Theorem 7] obtained by Deshouillers and Iwaniec. By analogy with [5, Theorem 7], 
one might expect the results (1.3.12)-(1.3.13) also to be valid in cases where, for some N >1, one has: 

a„ = |l ^tN/2<\n\'<N; (,3,7^ 
1 otherwise. 

Although good bounds for St{Q,X,N) in these cases would be interesting, we do not require (or prove, 
or claim) any such bounds in this paper: what work we have done in this area falls well short of giving 
(1.3.12)-(1.3.13), subject to (1.3.17), and is in too much of an unfinished state to be worth recording here. 

Though it might have been instructive to have included an independent proof of Theorem 8, we prefer 
just to point out that Theorem 8 is trivially implied by Theorem 9. To see that this is indeed so, observe 
firstly that ii K = (say), and if < 5 < 1, then there exists a function /3 : C — > C which, while satisfying 
the hypotheses of Theorem 9, is also such that D fl Supp(/3) = {1}. For such K and /3 the definition (1.3.14) 
simplifies to give just a„ = a{n), for n e D — {0}. This shows that the hypotheses concerning St{Q, X, N) 
in Theorem 8 justify the application of Theorem 9 (i.e. with K = \/2, N = y/2H and /3 as just described). 
Hence (after simplifying the relevant case of (1.3.16)) one obtains: 

StiQ, X, H) = StiQ, X, V2H) <e (5"' + \t\f^(Q + H + y^Y^ (Q + Hf+^'-'^'^H . 

Upon substituting e/2 for e here (as one may), the result (1.3.12)-(1.3.13) of Theorem 8 follows immediately, 
since (1 + y/XH/{Q + H)f < 1 + XH/{Q + Hf <l+ XH/{Q^ + H^). 

We prove Theorem 9 at the end of Section 8, following extensive preparation undertaken in the first 
part of that section, and (before that) in Sections 5, 6 and 7. This (given the observations of the preceding 
paragraph) makes it unnecessary to include a separate proof of Theorem 8. It is nevertheless worth men- 
tioning that we could prove Theorem 8 independently of Theorem 9, by taking as a starting point the case 
/3 = a of the elementary upper bound 

a{h)l3{k)\hk\'''S{h, k; c) \cfHK + |c|^+2(logiI)(log/ir) (J-^ + \u\)^ (1.3.18) 

H/2<\h\^<H K/2<\k\^<K 

(valid when m G M, e > and a, j3, H, K and 5 are as in Theorem 9). Our proof of (1.3.18) is omitted from 
this paper, since there is nothing very novel about it, and since the other results in this paper are obtained 
independently of (1.3.18). The corresponding starting point for the proof of Theorem 9 is the estimate for a 
sum of Kloosterman sums obtained in Lemma 6.3. Our work in Section 7 enables us to compensate for the 
inconveniently restrictive conditions under which the result of Lemma 6.3 is obtained. 

Although Theorem 9 is analogous to our result in [21, Theorem 2], the proof we give of Theorem 9 is not 
obtained by adapting, in its entirety, the corresponding proof in [21]; the relevant innovations are discussed 
in our 'Outline of Results and Methods', above (see the paragraph containing the bound (0.8), and the two 
paragraphs preceding it). 
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§1.4. A Sum of Kloosterman Sums and an Application 



As just mentioned, estimates for sums of Kloosterman sums play a part in proving Theorems 8 and 9. 
Conversely, the Corollary to Theorems 1 and 2 makes it possible to deduce, from our new results on sums 
over exceptional eigenvalues, some results on sums of generalised Kloosterman sums that are genuinely new 
(in that they do not follow directly from (1.2.19) and Theorem 3). In this paper we obtain just one such 
result, which is Theorem 10 below; for its proof wc require also an auxilliary result. Theorem 11. The 
complete proofs of Theorems 10 and 11 appear in Section 9 (here those proofs are only outlined briefly). 

We work, as before, with Hecke congruence subgroups T = To{q) < SL{2,C), where ^ q £ D = Z[i]. 
Given q (and hence the group F), the associated generalised Kloosterman sums that Theorem 10 relates to 
are those of the form ^^/^^(^^(u;,^;'; c), where s divides q and is coprime to the Gaussian integer r = q/s. To 
completely determine the values of these sums one must specify scaling matrices for the cusps 1/s and oo. 
We choose the scaling matrix ^oo as in (1.3.3); and for each pair r, s of non-zero coprime Gaussian integers 
such that rs = q, we choose the scaling matrix for the cusp 1/s of ro(g) to be 



9i/s = 




(1.4.1) 



where the square root is chosen arbitrarily, while t = t{r, s) and u = u{r, s) may be any pair of Gaussian 
integers with 

ru - st = 1 (1-4.2) 

(so that gi/s S 5L(2,C)). A suitable choice of u and t may be determined by means of the Euclidean 
algorithm for Z[i\. Then (see Lemmas 9.1 and 9.2) the condition (1.1.1) holds both for c = oo and for 
c = 1/s; while the set and generalised Kloosterman sum Si/s,oo{'^i^'':c) defined in (1.1.13)-(1.1.15) 

satisfy 

i/s^cx) ^ {ps^ : ^ p e D and (p, r) ~ l} (1.4.3) 

and 



Si/s,oo{'^,^';psVr) = S {r*oj,Lo';ps) (w,w'g£) and 7^ p e D with (p, r) ~ 1), (1-4.4) 

with r* = r*{r,ps) being an arbitrary Gaussian integer such that rr* = 1 mod psO, and with S{u,v;'w) 
being the Kloosterman sum defined in (1.3.6). 

We are now ready to state Theorem 10: a new result concerning the Kloosterman sums in (1.4.4). 



Theorem 10. Let d be the real absolute constant given by (1.2.20) and (1.2.21); let e > 0; and let 
N,L > 1 > 6 > 0. Let Un & C for n & O — {0}; and let A : C ^ C be a smooth function which satisfies 

{5\x + iy\y+^-^^^A(x + iy)=0,^k{l) (j, A; e N U {0} and x, y e Rj, (1.4.5) 
and which has Supp(A) C e C : L/2 < \z\^ < L}. Let P,Q, R, S > 1 and X > satisfy 

Q = ^5 > max|//V, /l| (1.4.6) 

and 

X = > 2 . (1.4.7) 

Let also b be a complex-valued function with domain 

B{R,S) = {{r,s)€DxD: R/2<\rf<R, 5/2 < |s|2 < 5 and (r, s) ~ l} ; (1.4.8) 
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and, for each pair (r, s) G B{R, S), let gr,s '■ (0, oo) ^ C be an inGnitely difFerentiable function which satisfies 
dl^lix) <j ({r, s) e B{R, S), i e N U {0} and x > 0), (1.4.9) 

and which has Supp(g'r,s) C [P/2,P]. Put 

A= bir,s) 5^ an ^ Aii)KrAn,£), (1.4.10) 

{r,s)el3{R,S) N/4<\n\^<N L/2<\e\^<L 

where 

Kr,s{n,l)= 9r,s{\p?)S{r*n,t,ps) (1.4.11) 

(p.r)~l 

(witJi r* = r*{r,ps) and S{u,v;w) as described below (1.4.4)). Then 

A' «, ll&ll^ lla^ll^ LP^S\og'{X) {L + Q){N + Q)(^l+ QN-^X^+ QL-^fL j ' ^^""^"^^^ 
wiiere 

\ 1/2 

\r,s)eB(ii,S) ^ 

and where the terminology '||xm||2' is that introduced in (1.2.11). If it is moreover the case that the 
hypotheses of Theorem 9 concerning a„ (n G D — {0}), N,H,K G [l,oo) and a, /3 : C ^ C are satisfied, 
then one has also 

«e Q'+' NLP^Slog^X) X (1.4.14) 
x{L + Q)\{l + — ^ W + I 1 + — ^ 




where 



max \b(r,s)\ . (1.4.15) 

{r,s)eB{R,S) 



Remark. The implicit constants in (1.4.12) and (1.4.14) may of course depend on those in the condi- 
tions (1.4.5) and (1.4.9); and the one in (1.4.14) may also depend on the implicit constants in (1.3.15). 

To prove Theorem 10 we first use (1.4.4) and the Corollary to Theorems 1 and 2 to bound the sum A, 
given by (1.4.10) and (1.4.11), in terms of an acceptable O-term plus a sum over exceptional eigenvalues 
Ay = 1 — Uy. It is then almost (but not quite) straightforward to deduce the results in (1.4.12)-(1.4.15) from 
Theorems 3, 4, 8 and 9, via the Cauchy-Schwarz inequality: the one (minor) problem that wc encounter, in 
carrying this out, is the necessity of dealing with sums involving Fourier coefficients at cusps 1/s, whereas 
Theorems 8 and 9 apply only to sums involving Fourier coefficients at the cusp oo (which is ro(5)-equivalent 
to 1/s only if g I s). In addressing the problem just mentioned we rely on an idea of Iwaniec, which applies 
here through the observation that, if T, q, r, s, gi/s and Qoo are as assumed in (1.4.1)-(1.4.2) and (1.3.3), 
then, in addition to (1.4.3) and (1.4.4), one will have 

l/s^l/s ^ cx>^oo = g£) _ {0} (1.4.16) 

and, for co,uj' G D and ^ I G O, 

Si/sMs (w, w'; iq) = S (w, w'; iq) = 5*00,00 (w, w'; Iq) (1.4.17) 

(see Lemmas 9.1 and 9.2 for the proofs). By combining these facts with the spectral to Kloosterman 
summation formula and spectral large sieve inequalities of [22, Theorems B and 1] wc; obtain the following 
theorem, which is analogous to a result of Iwaniec in [11], and through which we solve the above mentioned 
problem of dealing with sums involving Fourier coefficients at cusps that are not F-equivalent to 00. 
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Theorem 11. For all n G D - {0}, let bn e C. Let X > and N > 1; let q,r,s gD- {0} satisfy 

q = rs and (r, s)~l. (1.4.18) 

Let r = To{q) < SL{2,D); let goo,9i/s G SL{2,C) be as stated in (1.3.3) and (1.4.1)-(1.4.2); and, for 
a e {oo, l/s}, let 



(r) 



= p,"(b, N;X)= J2 i^"'' + ^~"'') (4) 



V 



X! 6nCy(n;^v,0) 



f <|nP<JV 



(1.4.19) 



Then, wien e > 0, one has 



(1.4.20) 



where ||bjv||2 as defined in (1.2.11). 



In a forthcoming paper [23] wc show that Theorem 10 has a significant appHcation in respect of mean val- 
ues involving certain Hecke zeta- functions. This echoes the way in which the results [5, Theorems 10 and 11], 
which bound sums involving the classical analogue of the Kloosterman sum S{r*oj,Lj';ks) in (1.4.4), were 
used by Deshouillers and Iwaniec to obtain, in [6] , new upper bounds for the mean value 



I(T, M) 



0<m<M 



,m 



\C, {\ + it)\^ At , 



where ^(s) is Riemann's zeta-function, and (a^) an arbitrary complex sequence. 

Ideas proposed by Iwaniec in [11] inspired the work [21], where (by building upon the approach of 
Deshouillers and Iwaniec) it was shown that when e > one has 



7(T, M) <^ T^M max \a„ 

m<M 



for < T. 



(1.4.21) 



Our Theorems 8, 9 and 10 are analogues of the results [21, Theorem 3, Theorem 2 and Proposition 4.1], 
respectively. In [23] we prove, with the help of Theorem 10, a new upper bound for the mean value 



D 



J(D,N) 



-D<k<D_jj 



anX''{n)\7 

0<|n|2<Ar 



-2it 



|C(^ + it,A'=)|^dt 



(1.4.22) 



where the coefficients a„ (0 7^ n G Z[i]) are arbitrary complex numbers and A'' denotes the 'grossencharakter' 
given by A'^(n) = (n/)n))""^ (0 ^ n € D), while ({s, A*^) denotes that Hecke zeta function which satisfies 



C{s,\') = \Y.XHn)\n\-'^ (Re(5)>l), 



n#0 



and is thereby uniquely defined, through analytic continuation, for all s € C — {1} (the point s = 1 is 
excluded here solely due to it being a simple pole of the Dedekind zeta function Cq(i){s) = ^(s, A°)). The 
principal result of [23] contains the natural analogue of the result in (1.4.21), which is the bound 



J{D,N) -^e D^N max \an? 



for < D. 



(1.4.23) 
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§1.5. Notation and Conventions 



Notation in common use requires no comment, so our Index (below) cover only the more unusual (or 
potentially ambiguous) notation and conventions; though wc; have not made it comprehensive, even in this 
respect. Some of the notation not listed in the index is discussed in supplementary paragraphs. 



Index of Notation: 



Symbol 

V • w 

a^b 

m I n 
n 

(m, n) 

[x] 

WW 

{a)m 

W^Nh 
II&II2, llfolico 

/r\G /(.9)d.9 
(r) 

e 

r, Toiq) 

Fc, r; 
^r''(c) 
r(.) 
7 

A 

d/dzm, d/dz 

ca,b 



e(g) 

Ay 

Ai (or Ai(r)) 
(r) 

E 

(r) 

E 

V 

(r) 

E 



Description 

equal to viWi -\ + VnWn, the inner product of vectors v, w e C" 

the relation of T -equivalence (for cusps a,b) 

(when m,n ^ O): the relation 'n is divisible by m' 

(when m,n€ D): the relation 'n is an associate of m' 

a highest common factor (of m,n G D) 

the greatest rational integer less than or equal to x 

the distance from l3 € C to the nearest Gaussian integer 

equal to a{a + 1) • • • (a + m — 1) 

the Euclidean norm of a vector involving coefficients bn (t) 7^ n G D j 
the 'Euclidean' and 'Sup' norms of the function b : B{R, S*) — > C 

a, right-invariant integral of a V-automorphic measurable function f 
integral along a 'vertical' contour line in C 

Fourier transforms for F e / e 5(C") 



Where Defined 

above (1.1.12) 

in Conventions 

above (5.7) 
in (2.1) 
in (1.2.11) 
(1.4.13), (1.4.15) 

beginning of §1.1 
beginning of §1.2 

in (5.1)-(5.3) 



direct sum over representatives of the T-equivalence classes of cusps as in (1.2.1) 



Hecke congruence subgroups of SL{2,D) (ro{q) is of 'level' q) 
'stabiliser' and 'parabolic stabiliser' subgroups (for the cusp c) 

a 'Bruhat cell' 

Euler's Gamma function, defined for z G C — {0, —1, —2, . . . } 
usually an element ofT; sometimes Euler's constant, 0.5772157 
the hyperbolic Laplacian operator on L^(T\G/K) 
Gomplex partial differentiation operators 
the 'delta symbol' for T-equivalence of the cusps a and b 
the 'delta symbol' of the 'spectral to Kloosterman' sum formula 
the 'delta- symbol' for equality of the complex numbers w and z 
Ai(ro(q))} (conjecturally zero for q G D - 



equal to A/max{0, 1 
the least upper bound for the set {0(g) : q G D} 
equal to 1 — Vy (an eigenvalue of the operator — A on L^{T\G/K) ) 
the first eigenvalue of the operator — A on L'^ {T\G / K) 
l/|/i(a)j is a useful lower bound for the set {|c| : c € "C"} 
the 'Gaussian' Mobius function 
the spectral parameters of the cuspidal space V 



beginning of §1.1 
above (1.1-1) 
in (1.1.13) 



above (1.1.11) 
in (5.19) 
in (1.1.17) 

in (9.11) 
below (9.11) 
in (1.2.10) 
in (1.2.21) 
above (1.1.11) 
below (1.2.20) 
in (1.2.10) 
in (5.4) 
in (1.1.4) 



f{c)S{c) (with S{c) = S'a_b(rn, n; c)^; here "C*" and S(c) are dependent on T as in (1.2.1) 



0± 



sum over irreducible cuspidal subspaces V c L^(r\G') 



sum over representatives of the T-equivalence classes of cusps 

a weighted mean value for the group ro(g) 
the Casimir operators associated with G 



as in (1.2.1) 



as in (1.2.1) 

(0.6), §3, (4.16) 
above (1.1.4) 
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S7, A,a, B, . . . vectors in R" or C"; .sets of coefficients (see '6„ ' and "b ' in (1.2.7)) 

a, b, c, . . . cusps of T, or (more generally) points in P^(C) = C U {00} above (l-l-l) 

A, a[r] A = {a[r] : r > 0} < G beginning of §1.1 

J^yJ a 'generalised annulus' in R^™, determined by the set I C [0,oo) in (8.1) 

B+ the group {n[a] : a £ D} < N < G in (1.1.1) 

{oj;u,p) a modified Fourier coefficient of an Eisenstein series in (1.1.21) 

B{R,S) a bounded subset of D x D - {(0,0)} in (1.4.8) 

£ a complete set of representatives of the T-equivalence classes of cusps above (1.1.12) 

"C^ the set of arguments of a generalised Kloosterman sum in (1.1.14) 

Cy {oj) a Fourier coefficient of a cuspidal subspace in (1.1.8)-(1.1.9) 

Cy {ui\vy ,py) a modified Fourier coefficient of a cuspidal subspace in (1.1.21) 

Cq{b,h;k) a generalisation of the Ramanujan sum in (5.31) 

(liJ]v,p) a Fourier coefficient of an Eisenstein series in (1.1.18) 

dx^; the standard Lebesgue measure on C, and a Haar measure for C* below (1.2.2) 

dg a normalised left and right Haar measure on G beginning of §1.1 

Ej(q, P, K; N,h) a spectral mean, for cusp forms (j ^ 0), or Eisenstein series (j = 1) in (1.2.7)-(1.2.8) 

e{x) equal to exp(27rix), a character for the additive group R/Z below (1.1.15) 

{F^f){g) the 'm-th order' term in the Fourier expansion of f at a cusp c below (1.1.1) 

g^ a scaling matrix for the cusp c in Conventions 

G the special linear group, SL{2,C) beginning of §1.1 

h[u] h[u] e G for u G C* ; and h[u] = k[u,0] when \u\ = 1 beginning of §1.1 

J*{z) equal to {z/2)~'' J^{z) when z > (Jv{z) being Bessel's .J -function) in (1.2.4) 

Jij,,k{z), ICv,p{z) functions related to Bessel functions of representations of PSL{2,C) in (1.2.3) 

K, k[a, /3] the special unitary group, SU{2) < G, and one of its elements beginning of §1.1 

Kf{u,p) the K-transform of f in (1.2.2)-(1.2.4) 

T^mV{i^, k) a component of the 'K-transform in (2.6) 

log(a;) equal to \og^{x), the natural logarithm - 

Cm second order differential operators on <S(C") in (5.12) 

Ma equal to |At(a)|^ below (1.3.1) 

'M.^p{s) the 'M.-transform of tp (a variant of the Mellin transform) in (2.2) 

TV, n[z\ N = {n[z\: z eC] <G beginning of §1.1 

D equal to Z[z], the ring of integers of the Gaussian number field Q(i) beginning of §1.1 

P^(C) a projective line, identified with the Riemann sphere, CU {00} above (1.1.1) 

F^(Q{i)) a projective line, identified with Q{i) U {00}, the set of all cusps above (1.1.1) 

TZ a certain sum of simple Kloosterman sums in (6.1)-(6.5) 

S{u,v;w) the simple Kloosterman sum in (1.3.6) 

smooth/ a complex function, all partial derivatives of which are continuous beginning of §1.2 

Supp(/) the support of f, with respect to the topology of the Euclidean metric - 

Sa,b {oJi,oj2',c) a generalised Kloosterman sum in (1.1.15) 

St{Q,X,N) a weighted mean value, with averaging over the level of the group T (1.3.2)-(1.3.3) 

cS(R"), <S(C") the Schwartz spaces on R", and the Schwartz space on C" beginning of §5 

V an irreducible cuspidal subspace of °L'^{r\G) below (1.1.3) 

VK,(,q a one dimensional subspace ofV below (1.1.5) 

The L^-spaces. We define (r\G) to be the Hilbert space of all square-integrable T-automorphic functions 



/ : G —> C. See the first four paragraphs of Subsection 1.1 for the definitions of the terms T-automorphic' 
and 'square-integrable' , and for the definition of the Hilbert-space inner product (/, /i)r\G (^or which the 

corresponding norm is ||/||r\G = \/(/,/)r\G )■ 

Wc define the term 'cusp form' immediately below (1.1.10). The space "iy^(r\G) is the closure of the 
subspace of L^(r\G) spanned by cusp forms. The space '^L'^{r\G) is the orthogonal complement in L^(r\G) 
of the subspace C(B°L'^{T\G) (with 'C here signifying the 1-dimensional space of constant functions). More 
general spaces, L2.™"P(r\G, x) and L2^™"*(r\G, x), are discussed in [19, Chapter 8]. When T = Ta{q) and xo 
is the trivial character on (D/qD)*, one has L^''='^^P{r\G, xo) = °L^{r\G) and L^^'=°''\r\G, xo) = ''L^{r\G). 
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The Scaling Matrices for Cusps. The notation 'g^ ' denotes an element of G satisfying both the equation 
5cOO = c and the condition (1.1.1); we call any such element of G a 'scaling matrix for the cusp c'. 

Set-Theoretic Notation. Wc denote the cardinality of any set A by \A\, so that \{x G R : = 1}| = 2 
(for example). Given suitable functions f and g, we dehne g o f to be the function obtained by composing 
f with g, so that [g o f)(x) = g{f{x)) whenever g(f(x)) is defined. 

Algebraic Notation. If R is a ring with identity, then R* denotes the group of units of R. When U, V 
and W are groups, the notation U < W (resp. U < W) is used to indicate that U is a subgroup (resp. 
proper subgroup) ofW. IfU and V are subgroups of the group W, then W/V, U\yV and U\W/V denote 
the relevant sets of left cosets, right cosets and double cosets (respectively); and [W : U] denotes the index 
ofU in W, so that [W : U] = \W/U\. This notation for 'quotients', such as U\W and U\W/V, may apply in 
more general contexts. For example, ifU is a subgroup ofW, and if S is a subset of the elements of the group 
W such that uS C S for all u Cz U , then S can be expressed as a disjoint union of certain of the right cosets 
of U in W, and so the notation U\S makes sense (as shorthand for the set of right cosets occurring in that 
disjoint union). Similar considerations apply in the case of quotients S/V and U\S/V, provided that the set 
S is suitably invariant (either under left-multiplication by elements ofU< W, or under right-multiplication 
by elements of the group V <W). 

Notation for Upper and Lower Bounds. The greatest element of a set X (where there is such an 
element) will be denoted by max A"; similarly (and with a similar caveat) we use min A* to denote the least 
element of X. Any notation of the form max^(a;) f(x), in which A(x) is some statement about x, has the 
same meaning as max{/(a;) : A(x) is true}. Similarly, min^(2.) f(x) = min{/(a:;) : A(x) is true}. 

Where B > 0, we use the notation Oai....,a„iB) to denote a complex-valued variable 13 satisfying a 
condition of the form |/3| < C(ai, . . . , an)B, in which the 'implicit constant' C(a\, . . . , a„) is positive and 
depends only on previously declared constants and ai, . . . , a„. As alternatives to an expression of the form 
JB)', wc may prefer to follows Vinogradov in using either ....„„ B', or 'B >ai,...,a„ C- 

Where ^ > and B > 0, the notation A >^ai,...,a„ B may be used to signify that one has both A "Cai,...,a„ B 
and B <CQi,...,a„ A: we may also sometimes write this as 'A <^ai,...,a,, B ^a^, A'. 

Epsilon. The part played by 'e' in our results is effectively that of an 'arbitrarily small positive constant'. 
Indeed, although e is technically a variable, any practical application of our main results would involve a 
case in which e is assigned a value equal to some small absolute constant, such as the constant 10""'^'', for 
example (this is because implicit constants associated with the bounds in those results are dependent on e). 
The value of e may vary from result to result, but will generally remain fixed within each individual proof 

Complex Numbers. When z G C, the real and imaginary parts of z, its absolute value and its complex 
conjugate are denoted, respectively, by Re(^;), Ini(2;), \z\ and z (so that z = I{je{z) — ilm(z) and \z\^ = zz ). 

Number- Theoretic Notation. When a,/3 e D are not both zero, we may use the notation (a, 13) to 

denote a highest common factor of a and j3. This creates some ambiguity, for if d is a highest common factor 
of a and (3, then so too are the three other associates of d (i.e. id, —d and —id). This ambiguity does not, 
however, lead to any serious difficulties, since relations of the form (a, (3) ^ d, or \ (a,(3)\^ = n, remain valid 
if the number (a, (3) is replaced by any one of its associates. If a and f3 happen to be rational integer valued 
variables, then it is natural (and not inconsistent with the statements above) that we unambiguously put 
(a, f3) = max{d : d\a and d \ P}. 

When b £ D, the ideal {bm : m E D} < D is denoted by bD; and, for a,b G D, we denote the coset 
{a + n : n G bO} € D/{bD) bj a + bD. Given c G O, we define a,b £ O to be 'equivalent (to one another) 
modulo cD ' if and only if it is the case that a + cD = b + c£> (i.e. if and only if c \ (a — b)). We write 
a = b mod cD to signify that a is equivalent to b modulo cD. 

In relations such as hm* = i mod cD, or in expressions such as the highest common factor (hm* , c), the 
rational expression hm,* / c, or (see (1.3.6)) the 'simple Kloosterman sum ' S{hm,* ,£;c), it is to be understood 
that TO* denotes an arbitrary element of O satisfying mm* = 1 mod cO. It is therefore implicit in such 
expressions that one has both (m, c) ~ 1 and (m* , c) ~ 1. 
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Summation Related Conventions. Where there is no indication to tlie contrary, variables of summation 
range over all values in D consistent with all the conditions attached to the summation. 

When a 'condition' of the form 'm mod cO' appears below the summation sign, it is to be understood 
that the variable of summation m ranges (to the extent permitted by any other conditions of summation) 
over some fixed set of coset representatives {mi, . . . , m^Q.^^O]} of cO in D. 

If the very first condition of a summation is expressed in terms a certain set X (defined in terms of some 
variable parameters x,y, . . . ) having a certain fixed property, then it is that set itself (and not the variable 
parameters) which must be regarded as the variable of summation: such a summation may therefore only be 
considered well-defined when the value of its summand is uniquely determined, within the sum, by the set X. 
This convention applies, for example, in (9.11), (9.16) and (9.18); and in (9.11) it results in the summation 
there effectively being such that the variable 7 runs (once) over the elements in a set {piT, . . . , Put}, where 
{pi, . . . ,pn} is some complete set of representatives for the right-cosets ofT'^ in Ta, and r is some element 
of r such that rb = a. We adopt a similar convention in respect of products. Hence in the equation (5.35), 
for example, the final product may be expressed as Ylp^-p(^g — b|~^), where V{q, k) denotes the set of 
those Gaussian primes vj with Re(tz7) > 0, Im(ti7) > 0, w | (q, k) and w /(g/ [q, k)). 

Our notation for generalised Kloosterman sums and Fourier coefficients of Eisenstein series is ambiguous, 
in that it gives no indication of the dependence of those sums and coefficients on the group T. In order to 
compensate for this ambiguity, we adopt the following conventions regarding summation: in sums involving 
Kloosterman sums Sa.bi'ni, n: c), the symbol clarifying the relevant group T is shown (within brackets) above 
the sign for summation over c G °C''; while, in sums involving the Fourier coefficients B^{uj; v,p), the symbol 
for the relevant group T appears (within brackets) above the sign for summation over the cusps c G £. 



§2. Upper and Lower Bounds for the K- Transform 

This section concerns the K-transform defined by the equations (1.2.2)-(1.2.4) of Theorem 1. In it 
we establish both upper and lower bounds for the K-transform of suitable functions. Two new notational 
conventions are convenient for stating these results and their proofs. The first is the convention that 

{a)m = Q a + 1 ■ ■ ■ a + m - 1 = . . ' , 2.1 

T{a) 

for a G C and all non-negative integers m (i.e. with r(a + m.)/r{a) being defined by analj^ic continuation 
at the removable singularities a = 0,-1, —2, . . . ). The second convention is that 

POO 

M^is) = / ^(2p)p^-Mp (2.2) 
(a variant of the Mellin transform) when the function ip and s G C are such that (p{2x)x'^'^^ G L^{0, 00). 
Lemma 2.1. Let 

f{z) = p{\z\) (z G C*), (2.3) 

where Lp : (0, 00) — >■ C is continuous, and compactly supported. Then, for ly G C and p G Z, one has 

Kf{i.,p) = Kfii., \p\) = K/(-i., \p\) (2.4) 

and 

00 ^ 

K/(.,p)=2.^ K^^(.,|p|), (2.5) 

m=0 ^ 

where, for non-negative integers k and m, 

K (i, k)= / M^{-2u + 4m + 2k) Mp{2iy + 4m + 2k) \ 

'~ sin{TTiy)\T{-u + m,+ l)T{-p + m,+ l + k) T{iy + m + l)r{iy + m + 1 + k) J ' ^'^ 

If, moreover, the function ip has a continuous derivative ip^^^ : (0, 00) C, of order j G N, then 

{s)j Mp{s) = {-2y M((p(^))(s + j) (s G C;. (2.7) 



26 



Proof. By (1.2.2)-(1.2.4), 

K/(i^,p) = {Jf{-iy, -p) - J{i^,p)) , (2.8) 



where 



Jc 


oo 27r 

- /■ ((^\^\-2He V (-l)-(r/2)^'»e^-« (-l)»(r/2)^"e-^-^ f rr^^^^ h/" r2 
y 7 I2; ^ m!r(/x-fc + m + l)4;; n!r(/x + fc + n+l) ^ ^ r ■ ^ ^ ^ 

Q Q in — U Th — u 

By hypothesis, there exists an i? > such that f{z) = for all z € C with \z\ > R. Therefore, and by virtue 
of the fact that the sums over m and n in (2.9) are uniformly absolutely convergent for (r, 0) G (0, R) x (0, 2tt), 
one may integrate term- by-term on the right-hand side of (2.9), and so obtain: 

lf(„ k^ - W (-l/4)-+"2-^/-I/(M + m + n,fc-m + n) 

J/(M,fc) - 2^1.X. ^!n!r(M-fc + m+l)r(M + fc + n+l) ' ^'-'^^ 

where 

00 2'K 

I/(A, l) = j fe{ry^-'dr with f,(r) = ^ J f {re'') e-^'''d6 . (2.11) 



The expansion (2.10) is a result of Bruggeman and Motohashi [4, Equations (11.8) and (11.9)]. 
By (2.3) and (2.11), 

•'^^^"277 7 "^^"to if0 5^2^ez. ^''•■^^^ 



The summation in (2.10) is therefore effectively restricted to the pairs w, n S N U {0} with m — n = k. If 
fc > then the equation m — n = k implies that m = n + k = n +\k\; whereas if A; < 0, then it implies that 
n = m — k = m+ \k\. Hence, by (2.10)-(2.12), one obtains (both for fc > 0, and for k < 0): 

00 

3fU, fc) = 27r V — ' — / <^(r.)r2('^+2™+|fe|)-idr . (2.13) 

^pm!(m+|fc|)!r(M + m + l)r(;U + m+|A;| + l) 7 ^ ^ ' 

The equation (2.13) shows that, subject to our hypotheses concerning /, we will have 3f{fi,k) = 
3f{lJ., \k\) for e C, fc e Z. By this observation and (2.8) we obtain an identity, 

from which both of the equations in (2.4) follow, as immediate corollaries. 

We next have to deduce the result (2.5)-(2.6). By the substitution r = 2p, one has 

00 

J (p(r)r2(±''+2'"+lpl)-idr = 2±2''+4™+2|pIm<^(±2!/ + 4m + 2\p\) , 
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with Mip{s) defined by (2.2). Hence, and by (2.13), 



Tf(+,, lr,h = 2^ (-l)HMy)(±2^ + 4m + 2b|) 

-'jy . \p\) ^ I m p(^^ ^ ^ ^ i)r(±i/ + m + Id + 1) ■ 

m>0 

The result (2.5)-(2.6) of the lemma now follows: one has only to substitute, for each term J(±j/, in the 
equation (2.14), the corresponding expansion (above); and then note that '^am — ^"i ~ J2i^m — bm), 
whenever the first two series arc convergent. 

For proof of (2.7), note that if j e N, and if the j-th order derivative tp^^^ : (0, oo) ^ C is continuous, 
then, given that the support of if is contained in some closed bounded interval [a, b] C (0, oo), it will follow 
by (2.2) and integration by parts that, for all s € C, 

6/2 



M((p(^))(s +j)= j ip^i\2p)p'+^-''dp = 

a/2 

b/2 

= (i^(^-^)(6)(6/2)^+^-i - i^(^-i)(a)(a/2)«+^-i) - ^1±J-A |^0-i)(2p)p^+^-^dp : 



= (0 - 0) + il±i_i)M(^(^-i)) (. + j - 1) . 
By means of this identity one obtains a proof by induction of (2.7) (which is trivially true for j = 0) 



Lemma 2.2. Let ^ > 1, X > 0, j e N U {0} and < 5 < 1; and Jet / : C* ^ C be given by the 

equation (2.3) of Lemma 2.1, where the function Lp : (0,oo) C has a continuous j-th order derivative, 
ip^^^ : (0,oo) — >■ C, and has its support contained within the closed interval [A~^X~^/^,AX~^^'^'\. Suppose, 
moreover, that u G C and p G NU {0}; that either u G iR or < u < 1 — S and p = 0; and that j = if 
u = p = Q. Then 

, ^ + |X-''|)min|l + |lo"-X| , ( A^Y ( \ 



where 



Yk = X-^l"^ max 



<p('=)(x) ffc = 0,l,...,i;. (2.16) 



Proof. We showed in the proof of Theorem 1 that, for p € Z, the function v i— >■ K/(j/, p) is entire. Moroever, 
when p^ ^ 0, the upper bound in (2.15) is a continuous function of for z/ e C — {—1, —2, —3, . . . }. It will 
therefore suffice to prove Lemma 2.2 for cases where /, v and p satisfy both the stated hypotheses of the 
lemma and the additional hypothesis that i/ ^ (the cases of the lemma in which = will then follow by 
taking the limit as t — )• 0+ of cases with v = it). 
We shall also assume (henceforth) that 

j = if \iy+p\<l. (2.17) 

This is permissible, given that when +p| < 1 the bound (2.15) will be at its strongest for j = 0. Indeed, 
if J > 1 and k £ {0, 1, ... ,j — 1} then, for each a; > there exists some xi e (0, x) such that 

X 

^'■'■\x)= I ^('^+i)(y)dy = (a:-0)^('=+i)(xi); 
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so that, by (2.16) and the hypotheses concerning the support of one has YkX^/"^ < AX ^^'^Yk+iX^''~^^'>^'^ 
and, hence, Yk < AYk+i. Consequently < Yo\u+p\-° = Yo< A>Yj < A^Yj\i^+p\-i when \iy+p\ < 1; which 
estabhshes that, for such v and p, the bound (2.15) for j = implies the bound (2.15) for all j e N U {0}. 

Suppose now that the hypotheses of the lemma are satisfied, with u and j satisfying (2.17). We 
may complete the proof of the lemma by showing that if m is a non-negative integer then one has 

^ , Yj (1^1 + |X-|) min {1 + I logXI , 1^-^} f A^ Y^'"" 

with Yj given by (2.16), and with Km^ii'jk) defined by the equation (2.6) (as in Lemma 2.1). For then, 
since 

^ 1 ( f A^\ ^"^\ I f A'^ 1 f A'^ \ 

^^m\{m + p)\^^^''\\jx) )<<^^''^l^^-^l[-mX^) =^^^Hl^J' 

the bound (2.15) will follow, by (2.18), from the result (2.5) of Lemma 2.1. 

Let m e N U {0}. By (2.6) and (2.7) of Lemma 2.1, and the definition (2.2), 

K iv \- (~^)''(~2)^ ( M((^(J)) {-2v + Am + 2p + j) 

M((^(J)) (2z/ + 4m + 2p + j) ^_ 



{2v + 4m + 2p)jT{v + m + l)T{v + m + 1 + p) j 

OO 

= (-l)f +^2^ / (^(^") (2p)p4™+2P+J-l ^rnA^^P^P) ^ ^ ^2.19) 

J sin(7ri/) 



where ^ 

A„,,- {y, p; p) = 2^ r(ez. + m + l)T{ev + m + 1 + p){2ev + 4m + 2p)^ ' ^^"^^^ 

Postponing consideration of the cases where < u < 1 — 6 and p = 0, let it temporarily be supposed that 
Oy^i/GiR. Then (2.20) may be written as: 

Am ,(i',P;p) = -2ilm f— — (P>0). (2.21) 

'■'^ '^''^^ \T{u + m+l)T{iy + m+l+p){2u + 4m + 2p)jJ yi" ) y > 

Given that ^ u G iR, it follows trivially from (2.21) that 

- |r(. + m + l)r(. + m + 1 +p)(2. + 4m + 2p)j\ > 



Here it is helpful to note that, by the three functional equations zr{z) = r(z + 1), T{z) = r{z) and 
r(2:)r(l — z) = it/ sin(7ri;), one has: 

T{u + k + l) = {iy + l)kT{u + l) (A;eNU{0}) (2.22) 

and 

\r\y + 1)1 = |z^r(z.)r(i - p)\ = .'7' . (2.23) 

' /| I V / V |sm(7rz/)| 



Hence, for p > 0, 

^■m,j{y,p;p) 



sin(7rz/) 



< ? < . (2.24) 

- \nu{v + l)m{v + l)m+p{2u + 4:171 + 2p)j\ - \u{v + l)p\\u+p\^ ^ ' 
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Since this bound is independent of p, and since the hypotheses concerning ip imply that, for ct > 0, 

oo A 



1/A 



■ ^2 \ ('^-i)/2 



(2.25) 



(where Yj is as in (2.16)), it therefore follows by (2.19) and (2.24) that when > 1 we do obtain the desired 
bound (2.18): for, if i/ e « is such that \p\ > 1, then [X"^! + IX""^! = 2 and min {l + | logX| , = 
This therefore completes our proof in respect of cases where > 1 (given that the hypotheses of the lemma 
ensure that one has v G iR in such cases). 

It only remains to prove the cases of the lemma in which either p G Z and u G iM. with < < 1, or 
p ~ and z/ e (0, 1 — 5]. Taking the former case first (i.e. supposing now that v G iR and < < 1), we 
deduce from (2.21) and (2.22) that 



^m,j{v,p; p) = Im {p^") Re 



1 



V^{v + l){v + l)m{v + l)m+p(2j^ + 4m + 2p)j 

1 



(2.26) 



+ Re (p^-^) Im i—r, — 



+ + l)m+p{2v + 4m + 2p)j 



Given that Q v G iR, and assuming that f^^\2p) ^ (so that A-'^X''^/^ <2p< AX-'^/'^), we will have, 
in (2.26), 



|Re(p' 



2u\ 



and 



|lm(p2^)| = |sin(2|z/|logp)| < min{l, 2\iylogp\} < 

< min{l , \iy\{2\ logA\ + \ log(4X)|)} <^ 
\u\mm{\u\-\ l + |logX|}. 

Moreover, since 1/T{z) is entire, it is trivially the case that 



Re 



+ + l)miu + l)m+p(2z^ + 4m + 2p)j 



{u + i)p{u+py 



for u G iR with < li^l < 1. 



We now lack only a bound for the latter of the two imaginary parts that appear in (2.26). In order to 
obtain a suitable bound for that imaginary part, we make use of the expansion 



Im 



1 



r2(zy + l){u + + l)m+p(2j^ + 4m + 2p)j 

1 



(2.27) 



Im 



Re 



r2(i. + i) 
1 



Re 



1 



.r2(iv + i) 

in which (assuming that v G iR and < 1) one has: 
Im 



Im 



{ly + 1)„,('^ + l)m+p(2i^ + 4m, + 2p)j 
1 



+ 



{y + \)^{y + l)„+p (2zy + 4m + 2p)^ 



V^iy^V)) 2iVr2(l + z/) r2(l-!y) 

1 



r-2(i + j.)_r-2(i_i.) 



2iv 



V -C \v\ 



Re 



r2(z/ + i) 



r2(zy + i) 



< 1 
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and 



Re -, TT—, 7^ 77. : ^ < 



{v + \)^{v + l)„+p (2z/ + 4m + 2p)j y + l)p(z/ + 

With regard to the final imaginary part in (2.27), we note firstly that, if — 1 < ^ < 1, then (given that 
^ u G iM) one has: 



d_ 

d^ 



{z + l)miz + l)m+p (22; + 4m + 2p)j 



m+p j — 1 



(^ + 1)„(^ + (2^ + 4m + 2p) J ^ -— + ^ — - + ^ 



z + h ^ z + k ^ 2z + 4m + 2p + i 

h=l fc=l 1=0 ^ / 



z=ev 



\2u + Am + 2p + i\ 



(m ^ m+p ^ j-1 

and, by virtue of the additional hypothesis (2.17), 

j-i 2 ^"^ 1 ^"-^ 

E|2i. + 4m + 2p + ^| -E ^El=^ • 

Therefore, given that ^ u G iR, it follows by the mean value theorem of differential calculus that 



Im 



1 



{U + l)m{iy + l)m+p (2z^ + 4m + 2p)j 



|Im {{u + + l)m+p {2v + 4m + 2p)j)\ ^ 

\iu + l)m{i^ + l)m+p {2v + 4m + 2p),f 

e{ev+l)m{(^i' + l)m+p{2ev + Am + 2p)j 

£=±1 



< 



2 + l)^{v + l)„+p (2i^ + 4m + 2p)j\^ 
< |i/-(-^)||2 + 21og(m + p+l)+j| ^ 
- 2|(!y + l)„(z/ + l)„+p(2!/ + 4m + 2p)j| 

^ |i^|log(m+p + 2) 

\{v + i)^{u+py \ ■ 

By combining the above bound with those obtained just below (2.27), we may deduce from (2.27) that 

\ \ ^ IHlog(m+p + 2) 



V^{u+l){u+l)m{v + l)m+p{2v + Am + 2p)jJ \{v + l)p{v+p)i\ ' 

Since sin(7r!^)/(7rz^) = sinh(|7r!^|)/|7ri^| > 1 when G iM. (as wc currently suppose), it follows by this 
last bound above, and by (2.26) and the bounds foimd between (2.26) and (2.27), that one has 

Am,j{iy,p;p) mm{\i^\-\ l + |logX|}+log(m+p+2) 
sm{TTiy) ^ \{v + l)p{v+p)3\ 

By this bound, and (2.19) and (2.25), it follows that in the cases where v GiR and \v\ < 1 we do obtain the 
desired bound (2.18): for these cases one has 

min{H-M + |logX|}+log(m + p + 2) ^ lo^{m + p + 2) 

l + 4m + 2p + j - ^' ' ' ' ^ 'J m + p+1 

<min{|i/|-S l + |logX|} + K 
<min{|z/|-S l + |logX|} . 
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Since (2.18) (for all m G N U {0}) implies the result (2.15), we now have disposed of all those cases of 
the lemma in which v G iR. It only remains to consider the cases where (as we shall henceforth suppose) 
one has and p = and < v < 1 — 5. In these cases + p| = v < 1, so that by (2.17) we are also to assume 
now that j = 0. By (2.20) and (2.22), we have 

Am,o(i^, 0; p) = ^ ^ — - -^j-^ —T = (2.28) 

p-^" p^" 
= (-^ + i)2^r2(-. + i) (. + i)^r2(. + i) = ^1 + ' (2-29) 

where 



Since the function x l/r{x) bounded on the interval (0,oo), it follows trivially from (2.28) that 

A„,o {i^, 0; p) < p''" + p-^" (p > 0) . (2.30) 

The bound (2.30) will not, by itself, suffice. The required alternative bound will be obtained by consid- 
ering the terms Di and D2 in (2.29). 

Since z/ e M, the mean value theorem of real differential calculus implies that, for some 6 e (—1, 1), 



n - II \ \i 21ogp d 



Given that 0<z/<l — (5<1, so that —\<Qv< \ here, one therefore has 

£>2«i^(|logp| + l)(p'^+p-2'') (p>0). 
To estimate the term D\ we begin by observing that, since r(2 — !/)>clforO<t'<l — 5<1, 

^ p-^"{\-^.f ( {\-v)l\ ^ p-^^{l-uf / (1 - 1^)1 



Since 0<i^<l — (5<1, one has (in the above): 

(1 -iy)m _fT k-v ^ ^ (1- i) 
k + v 11 (1 + ^) 

fe=l fe=l \ ^ kl fe=l 

where 



'-".M = n (1 - D = n 

Hence, 



where 

< Qm{v) = log 



m 

= ^(log(l)-log(l-^))< 

fc=l 

<y- Ui_ 



.tt(i-f) 
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Therefore, and since sinh(y) < yexp(y) for y > 0, we have 



£»i < (m + l)-2p-2-i/(^log(l + m) + o(^j^^^ (m + if exp (o (3^) ) ^ 



1 \\ (log(m + l) + l) „ „ 



« exp (^O J (^ + 1)2-2. -^-^^ «^ 

(bearing in mind that OKuKl — 6<1, and that log a; <^s for a; > 1 and 5 > 0). 

By the bounds just obtained for and D\, and by the equation (2.29), it follows that 

A„,o(i^, 0; p) <5 V (p2- + (1 + I logpl) (p > 0). 

In combination with the bound (2.30), this shows that when 0<z/<l — ^<1 one has 

^;^««„(X-' + X')mi„KM + |.ogX|} tor ^<.<^^ (2^31) 

By hypothesis, ^{x) = unless 1/A < X^^^x < A: it therefore follows by the last bound above, the case 
j = p = of (2.19), and the case j = of (2.25), that when 0<i^<l — (5<1 and j = p = we do obtain 
the desired bound (2.18), for all m e N U {0}. 

We have now shown the bound (2.18) to hold in all relevant cases; given what was established in the 
paragraph containing (2.18), this completes the proof of the lemma I 

Remark. Lemma 2.2 implies that the upper bound (1.2.16) holds, subject to the hypotheses of the Corol- 
lary to Theorems 1 and 2. To scx^ this note firstly that those hypotheses ensTirc that X > 2, that G iK, 
and that, by Lemma 2.2, one obtains the result stated in (2.15)-(2.16) for j = 0, 1, 2, 3. The cases of (1.2.16) 
in which > 1 therefore follow immediately from the case j = 3 of (2.15)-(2.16), since one has there: 
{X'^l + {X-'-'l = 2, exp(A'^/16X2) <c^ 1 and (see (2.1)) |(;^ + ljp| > pi The remaining cases (where \u\ < 1) 
are implied by the case j = of (2.15)-(2.16): for, by the observation following (2.17), the terms Yq and Y3 
defined by (2.16) (for j = 3, say) satisfy Yq <^a ^3 «; (1 + {uiy^Ys, given that {v} < 1. 



Lemma 2.3. Let the hypotheses of the previous lemma concerning A, X, j, 5, /, ip and ip'^^^ be satisGed. 
Let j = 0. Suppose that < u < 1 — S. Then 



Kj 



lf{u,0)^A,5 jHr)\y mm {l + \logX\,u-'}{X'' + X-'')e^p(^-^y (2.32) 


Suppose, moreover, that if : (0, 00) [0, 00); and that, for some £ > 0, one has 

m 



^X-V2<2exp('^^-£). (2.33) 



Then 

K 



00 

/dr 
^(r)— min{l + |logX|,!/-i}X^. (2.34) 
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Proof. Let p = 0. Since all the hypotheses of the case p = j = of Lemma 2.2 are satisfied, and since 
1/ ^ 0, we obtain (as in the proof of Lemma 2.2) the case p = j = of the results in (2.19). Therefore 

oo 

K„¥'(^, 0) = / ^(2p)p^™ ^mA^M dp ^ 



with Km^{i', k) as in Lemma 2.1; and with /S.^A'^^ 0' P) ^ (2.28). Similarly, we obtain the bound (2.31), 
for all m e NU {0}. Given that Supp((p) C [A-'^X''^/^ , it follows by (2.31) and (2.35) that 



AX 



-1/2 



// 4rn 
Hr)\ (-) — < 

- ( 4X ) (^'+^"1min{l + |logX|,i.-i}y |<p(r)|- (meNU{0}). 



This upper bound for K„^ip{iy,0) implies the resuh (2.32): for exp (A'^/IGX^) = Y.^^=i (^V4X)^™/m! 
and, by the case p = of the result (2.5) of Lemma 2.1, one has ^'^=0 \^mf{'^, 0)| /m! >• K/(j/, 0). 

It remains for us to prove the conditional lower bound (2.34). We therefore suppose now (in addition 
to what has been assumed) that e > 0; that (2.33) holds; and that Lp : (0,00) — > [0, 00). By the result (2.5) 
of Lemma 2.1, the bound (2.34) will follow if it can be shown that one has both 

K„(^(i/, 0) > (m e N) (2.36) 

and 

00 

/dr 
^(r)— X^minll + llogXl, . (2.37) 



Moreover, given our assumptions concerning the function ip and its support, and given the lower bound 

sin(7ri/) v > 

(implied by our assumption that 1>1 — (5>i^>0),it follows by the equation (2.35) that, in order to prove 
the lower bounds (2.36) and (2.37), it will be enough to show that, for p G [^A-'^X''^/'^, \AX-^I'^\ , one has 
both 

A„,o(z/,0;p) > (meN) (2.38) 

and 

Ao,o(i^,0;p)>A,5,e X-^minjl, (l + |logX|)i.} (2.39) 

(with Am,o('^: 0; p) as in the equation (2.28), in the proof of Lemma 2.2). 

We now complete the proof of the lemma by establishing first (2.38), and then (2.39). It is henceforth 
assumed that m e N U {0} and 

^^-1X-V2<p<1aX-V2. (2.40) 
By (2.28) and the fundamental theorem of calculus, 

A™,.(-, 0; rt = - £ (;! p(.+Tn+l) ) = 



J —V 



r2(a; + m+l)V \p) r(a; + m+l) 
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By [24, Section 12.16], 

d T'(y + 1) d2 ^ 1 

Since 0<z/<l — i5<l and m > 0, it follows that one has 

T{x + m + l)- T{x + 1)- Til-u)- T{S) " ^^'^^^ 

The hypothesis (2.33), and the inequalities in (2.40), therefore ensure that 

logflU g" + "^+;,^ >.>0 for x>-.. (2.43) 

''Vp/ r(x + m + i) - - ^ ^ 

Since (2.41) and (2.43) combine to give the inequality A„^o('^>0;p) > 0, this concludes our proof of (2.38). 
We begin the proof of (2.39) by observing that the case m = of (2.43) shows that 

log - > £ - ^ ^ 



where, by the (2.42) for x = 0, one has: 



_r(^^_ r(i-.) r(i)^ 
r(^) - r(i-z.)- r(i) ^ 

(7 here being Euler's constant, by [24, Section 12.16] for example). Therefore one has 

where G{5) = —r'{S)/r{S) > 7. This implies the inequalities 

G(<5) , fl\ r'(l-i/) „ 
^ ' log - > f > , 



iG{6)+s) '='\pj- r{l-u) 

from which it follows that 

log - > --^^ { + - log - > . 

\pj r(l-z/) {G{5)+e) \p; 

By this and (2.42), it follows that one has 

^'^"^ + ' log (-\ > -j^TT^-— log (-\ »5,e log (- ] iov X> -V. (2.44) 



r(x + l) \p) ~ (G((5) +£ 

Postponing our application of (2.44), we take the opportunity to note here that, similarly to the above, 
it is implied by the hypothesis (2.33) that 

log(-^j>£- j^>£ + 7>7>0. 

This, since A > 1, already shows that log(4X) > 27 > 1. Moreover, the inequality log(2X^/-^/y4) > 7 is (for 
A> V) equivalent to the inequality 

'2X1/2 
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which (since we assume (2.40)) imphes that we have 

log [-] »A log (2X^/2) » 1 + I logXI (2.45) 



(the final bound following since 1 < log(4X) and | logX| = | log(4X) - log4| < log(4X) + log4 < log(4X)). 
By (2.44) and the case m = of (2.41), we obtain the lower bound 



p2x 



where, since 0<!/<l — ^<1, and since l/r(a;) is continuous and positive- valued for x > 0, one has: 



21og(l/p) 



It therefore follows that 



Now sinh(x) » min{l, a;} exp(a;), for a; > 0, so that by (2.40), (2.45), the hypothesis v > and the lower 
bound for Ao,o(i', 0;p) just obtained, we have: 

Ao,o(z^,0;p)>5,e min|l,2iylogQ^| >A min{l , (1 + | logX|)i/} (^^^ . 

These bounds imply (2.39) (given that < < 1), so that both (2.38) and (2.39) have now been shown 
to hold when p satisfies (2.40). As already noted, the bounds (2.36) and (2.37) follow from these cases of 
(2.38) and (2.39); our proof of the lemma is therefore complete, for, by (2.36) and (2.37), the result (2.34) 
is obtained ■ 

Remark. By logarithmic differentiation of the duplication formula [24, Section 12.15], one finds that 
r'(l/2)/r(l/2) = r'(l)/r(l) - 21og2 = -7 - log4. Hence the case 6 = 1/2 of the result (2.33)-(2.34) of 
Lemma 2.3 implies the conditional lower bound (1.2.18) (where it is implicitly assumed that X > Ae'^'", so 
that |logX| =logX> 1). 



§3. A Bound in respect of a Single Level: the Proof of Theorem 4 

In this section we prove Theorem 4. Let e, q, N and X satisfy the hypotheses of that theorem; let 
r = To{q) < SL{2, 0); let o be a cusp of T; and let 6„ e C for n e i5 - {0}. Then on the left-hand side of 
the relation (1.3.1) one has the sum 



(r) 



V 

i'v>0 



E bnCy {n;i^v,0) 

Ar/2<|n|2<JV 



<(b,iV;X) (say). 



Let CTg (b, N; Y) be defined similarly for F > (i.e. by substitution of Y for X in the above equation). Then, 
since X" = VY" when U = X/Y, and since the real function v is increasing if J7 > 1, and decreasing 

if 1 > > 0, it follows from (1.2.20) that, for Y > 0, 



a°g{h,N;X)< (^maxjl, ^\^^(h,N;Y) . 



(3.1) 
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By (3.1), the hypothesis X > 1, and the description of spectral parameters preceding (1.1.4), one has, in 
particular: 

a," (b, N;X)< Xe(9)a,"(b, iV; 1) < X^^'i^E^iq, 1, 1; iV, b) , 

where i?o -f' -^5 ^) ^ defined by the equation (1.2.7) of Theorem 2. Here the case j = 0,P = K = l 
of the result (1.2.9) of Theorem 2 may be applied with s/2 substituted for e: one thereby obtains the bound 



a^{h,N;X) < (l + 0, (^M^N^+^'/^^')) ||b 



N\\l 



where Ma = |/i(a)p; and where /i(a) and HbjvUj arc as indicated by (1.2.10), (1.2.11) and Remark 3 (below 
Theorem 2). Moreover, since N > 1, and since the inequalities (1.2.22) of Theorem 3 imply that &{q) > 
and 1 — 6(5) > 1/2, it therefore follows that, in cases where MnA/'^+f^/^^ 1, one has: 

a»(b,iV;X) = a (x^('')M„Ari+(-/2) Hb^vH^) < {XMaNf^'^ (O, (M„iVi+-)) ||b^.l|^ < 

< (1 + XM„7V)^(«) (1 + (M„7Vi+^))'-^('^^ ||b;v||2 . 

This shows that, in cases where MaN >• 1, the bound (1.3.1) holds: that completes proof of the theorem in 
those cases, so we may suppose, henceforth, that 

2^°7r2 MaiV < 1 . (3.2) 

In order to complete this proof it will suffice to show that, subject to (3.2) (and our prior hypotheses), 
the bound (1.3.1) holds when 

For, if that particular case of the bound (1.3.1) holds, then 

< (b,iV; {len'M^N)-') « (1 + j^y^'^ (1 + Oe (M„Ari+^))^-^(^) ||b;v||^og (2 + ^) « 

« (1 + (M„iVi+^))^-^(^^ llb^ll^ log (2 + ^) 

(by Theorem 3), and so, since the inequality (3.1) and Theorem 3 imply that one has 

a»(b,iV;X)< (l + M„iVX)®('')a»(b,iV;(l67r2M„iV)"') (^ > 1), 

it follows that the boimd (1.3.1) holds for all X > 1. Accordingly, we assume (3.3) for the remainder of this 
proof. Since we also assume (3.2), this implies that 

X > 64 . (3.4) 

Our aim is to show that, in the cases now being considered, the bound (1.3.1) results from the comparison 
of fT°(b, N] X) with the sum 



(r) 



dl{h,N-f)= J2 K/(z^y,0) 



V 
vv>0 



^ bnCy {n;pv,0) 

N/2<\n\^<N 



2 



(3.5) 



where the K-transform is as defined in Theorem 1, while the even 'test-function' / : C* — )• C is given by 
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with $ : K ^ [0, oo) satisfying: 



= ^ t=xp (^-^j if-l<t<l; 
otherwise. 



Given the fact that hni(5^o+ S ^ cxp(— 1/(5) = 0, for all fc G N, it may be seen by elementary calculus 
that the above function $ is infinitely differentiable on M. Hence the function if : (0,oo) — >■ [0,(X)) given 
by ip{r) = $(log(Xi/V)/log2) (r > 0), which has range [0, 1/e] and support [2-'^X-^l'^ , is also 

infinitely differentiable, and (as may, for example, be deduced from the case X = 64) satisfies: 

(^(^'(r) <j (j e N U {0} and r > 0). (3.6) 

It follows (see Remark 4, in Subsection 1.2) that X and the function /, just defined, satisfy all of the relevant 
hypotheses of both Theorem 1 and the case ^ = 2 of the Corollary to Theorems 1 and 2. Since (3.4) ensures 
that we have AX~'^/'^ = 2^"^/^ < 1/c with c = 4 > 2e^ ^ it is moreover the case that the conditions found 
sufiicient to imply the lower bound (1.2.18) for K/(i^, 0) are satisfied. 

By (1.2.20) and Theorem 3, each term of the sum over subspaces V in the equation (3.5) certainly has 
Q <vv < 1/2. We may therefore infer from the lower bound (1.2.18) that 

a»(b, N- /) » r ip{r) — min{logX , 2} a^»(b, N- X) . 
Jo ^ 

Here 

t°° dr f°° 

/ ip{r) — = (log 2) / $(i)di> 1 

and, by (3.4), min{logX , 2} = 2; so it follows that we have 

<(b,7V;X)«a»(b,iV;/) . (3.7) 

To complete this proof we now deduce, from the Corollary to Theorems 1 and 2, an estimate for the sum 
CT°(b, N; /). By applying the result (1.2.15) of that corollary, with h = M = N , am = (0 m G O) 
and A = 2, and with e/4 substituted for e, one obtains an equation with the sum of an 0-term and the term 
TTa^{h, N; f) on one side, and a sum of Kloosterman sums on the other side. Each term of the latter sum 
of Kloosterman sums involves a factor /(27r y^mn/c) = ip(^\2ny^mn/c\) , where, by (1.2.15) and the result 
(1.2.12) noted in remarks following Theorem 2, the constraints on the variables of summation m, n and c 

ensure that 

2n^ , 2nVN ^ ^ 



- |lMa)l 

(the last equation following by (3.3)). Since ip{r) = for x < 2~^X~^/^, each term of the sum of Kloosterman 
sums equals zero; and so, in the cases being considered, the equation (1.2.15) reduces to: 



= iTdl{h,N- /) + Oa ((logX)F (l + Oe (|/x(a)|Ar(V2)+(-/4)))' 



where A = 2, and where, by (1.2.14) and (3.6), we have F <C 1. Therefore, and by (3.3) and (3.7), we obtain 
the bound 

<(b,7V;X) « (l + O, (M„iVi+(^/2))) llb^ll^log . (3.8) 

Here, since Theorem 3 shows that 1 > 1 — 6(9) > 1/2, and since we have (by (3.4)) X > 1 and (by 
hypothesis) e > and > 1, it follows from (3.3) that one has 

O. (M.......) < O. {!^) <_ O. (^) <_ (O. (^))-"" « (O. . 

Therefore, and since the real exponents &{q) and 1 — @{q) in the result (1.3.1) of Theorem 4 are non-negative, 
it follows that, subject to (3.2) and (3.3) holding, the bound in (3.8) implies that in (1.3.1). This, as was 
observed in the paragraph containing (3.3), is all that was needed to complete this proof ■ 
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§4. Averaging over the Level 



In this section we are concerned with the sum St{Q,X,N) defined in (1.3.2): the relevant arbitrary 

complex coefficients a„ (n G D) are assumed to be fixed throughout. We first prove Theorem 7, and then 
apply it (together with Theorem 6) in our proof of Theorem 5. We omit the proof of Theorem 6, since the 
paragraph below (1.3.10) gives sufficient details of that (very simple) proof. 



The Proof of Theorem 7. 



Let X, Q, N, t, e, j and Q* satisfy the hypotheses of the theorem. If 1 < X <C 1 then, by Theorem 6, 
Theorem 3, the definition (1.3.2) and the Cauchy-Sehwarz inequality, one has 

StiQ, X, N) < X^/^StiQ, 1, N) « StiQ, 1,N)< ^ 2 {E^{q, 1, 1; N, b) + E^{q, 1, 1; N/2, b)) , 

Q/2<|«P<Q 

where £'5(9; K; N, b) is given by the equation (1.2.7), in Theorem 2, with 

6n = an|np" (O^neD). (4.1) 

By the results (1.2.9)-(1.2.11) of Theorem 2, and Remark 3 (below Theorem 2), it therefore follows that 



l|aiv||2< (O + Oe (iVi+^))|| 



if X < 1. (4.2) 



St{Q,X,N)<s: J2 

Q/2<|gP<Q ^ 

Since (4.2) implies that (1.3.10) holds when 1 < X < 64, we assume henceforth that X > 64 (as was the 

case, after (3.4), in our proof of Theorem 4). We now define g : C* ^ [0, 1/e] by setting g{z) = '/'(Izj), for 
^ z € C, where, for r > 0, one has V(r) = $ (log(Q-i/2^)/log2), with $ : K [0, 1/e] defined as in the 
proof of Theorem 4, below (3.5). The function ip : (0, oo) [0, 1/e] is infinitely differentiable; its support is 
the interval 2Q^/^]: and it moreover satisfies ^P{r) > *(l/2) = e'^/a for (Q/2)i/2 <r < (20)^/2. 

It follows that, for ^ g e D, one has g{q) 1 if Q/2 < |gp < 2Q; and g{q) > otherwise. Hence, and by 
the definition (1.3.2) of St{Q,X,N), one has 

2 



(ro(9)) 

St{Q,X,N)<^ J2 9iq) E 

vv>0 



E bnCy {n;pv,0) 

N/4<\n\^<N 



where the coefficients 6„ {0 ^ n £ D) are given by (4.1). Since g{q) > for ^ g e D, and since X > 64, it 
follows from this last bound (similarly to how, in the proof of Theorem 4, we obtained (3.7)) that 



(ro(9)) 

St{Q,X,N)^ J2 9{q) E K/(i^y,0) 



V 



E bnCy {n;i/v,0) 

N/4<\n\^<N 



(4.3) 



with / : C* — > [0, oo) as defined, below (3.5), in the proof of Theorem 4; and with K/(i^,p) as in Theorem 1. 

Our next step is to apply the Corollary to Theorems 1 and 2 to the inner sum (over spaces V) on the 
right-hand side of (4.3). That corollary does not apply directly to such sums; but one can obtain the required 
result from four distinct applications of the equation (1.2.15), in which one substitutes, for the pair (M, N), 
the pairs {N,N), {N,N/2), {N/2,N) and {N/2, N/2), respectively. Then, by applying the result obtained, 
for b = a = 00 (so that \^l{a)\ = = l/l?!)) and with e/2 substituted for e, one finds that, for ^ g e £), 

(ro(9)) 2 



E K/(i^y,0) 



V 



E 6„cy (n;i^y,0) 

-<|n|2<JV 



(4.4) 



(ro(9)) 



f<|mP<JV f<|„|2<Ar ce~C° 



3 (m, n;c) ^ / 2ny/rnn^^ ^ 



TT C ■ 



+ Oa ((logX)F (1 + (Ari+^|g|-^)) ||b^||^) 
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where, since / is the function defined in the proof of Theorem 4, we have A = 2 and Y 1 (just as is noted 
prior to (3.8)). Since the function g has range [0, 1/e] and support {z £ C : Q/A < \z\'^ < 4(5}, it follows by 
(4.4), combined with (1.3.4), (1.3.5), (4.1) and (4.3), that one has the upper bound 



O^geO JV/4<|m|2,|n|2<Ar 

+ (logX) {Q + 04N'+'))\\aN\\l , 



ES{m,n; £q) ( 2-K^mn 
_I«„I2 / 



7r|^g|2 



where S{u,v;w) is the 'simple Kloosterman sum' defined in (1.3.6). By our choice of / and g, we have 

here that f{w)g{z) 7^ if and only if 1/4 < X|wp, < 4. Therefore, in the above sum over to, 

n and £ (where the constraints on to and n imply N/A < \mn\ < N), the summand is zero whenever 
|^|2 ^ , Q*), where, as in (1.3.9), Q* = dAw^XN/Q. Consequently, one either has 



St{Q,X,N) « (logX) {Q + O, {N'+')) llaiv 
or else, for some fc e {0, 1, 2, . . . , 9}, and L = 2~''Q*, one has: 



St{Q,X,N)^ 



E EE ^"'^^ 

L/2<\i\2<L Ar/4<|m|2,|n|2<Ar 



-2il 



—2 /( o„ ) 



Iq 



(4.5) 



(4.6) 



Since the bound (4.5) is satisfactory (i.e. it would imply the result (1.3.10)), let it now be supposed 
that L X Q* is such that (4.6) holds. If it is shown that in this case one again obtains (1.3.10), then by the 
conclusions reached in (4.5)-(4.6) (and after (4.2)) the proof of the theorem will be complete. 

We seek to apply the Corollary to Theorems 1 and 2 to the sum over to, n and q in (4.6): for, by (1.3.4)- 
(1.3.5), the sums 5(to, n; iq) occurring in the inner summation in (4.6) are the generalised Kloosterman sums 
Soo,oo{m,n;c) associated with the Hecke congruence subgroup To{i) < SL{2,D). In order that (1.2.15) may 
be applied, we must first effect a replacement of the factors f {2tt y^mn/ £q) and g{q), in (4.6), by single factor 
of the form _F ( 1 27r\/ m.n/ (iq) \ ) , where is a suitable complex-valued function. We achieve this in the steps 
between (4.7) and (4.11) below. 

Recalling that g{z) = 'il;(\z\), for 7^ z G C, where the function ip : (0,oo) [0,1/e] is both infinitely 
differentiable and of compact support, we have, by Mellin's inversion formula [10, Appendix, Equation (A. 2)], 



1 
2^i 



(T+ZOO 



*(s)|zrMs (Ot^zgC, C7G 



(4.7) 



where, for s S C, 



vE'(s) 



'ip{r)dr . 



(4.8) 



Note that the integral in (4.7) is absolutely convergent in all relevant cases; indeed, by (4.8) and our particular 
choice of function -ip, one has, for s G C, 



*(s) 



'log (Q-i/y) 
log 2 



CSO 

dr = (log2)Q^/2 j 2^^^{u)di 



where, by the definition of $ (below (3.5)) and integration by parts, 
00 1 ^ 

j 2''"$(w)dM = j 2'"'^u)du = {-s\og2)-^ j 2''"$(^)(M)d«<C2l^^Wlmin{l, O^- (Isr^)} (j G N). 
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Wc apply the case cr = of the inversion formula (4.7), for z = q (the variable of summation in (4.6)). 
Since the summation over ^, m, n and q in (4.6) is (by virtue of the fact that f{w) = unless > 1/4) 

effectively finite, our application of (4.7) allows us to deduce that 



-2it S(rn,n;£q) f 2TT\/mn 



|g|--dT 



where, by the results of the preceding paragraph, 

*(iT) < \Q'^/^\ min{l , Oj (|r|-^)} (1 + |t|)- 
It therefore follows by the substitution t = Au that 



(TeM,i = 0,1,2,...). (4.9) 



St{Q,X,N)^ J 

— oo 

for j > 2, where 



*(4m) ^ 1^1^- a^\m\-^'^*+^^an\nf'^'-^^Pm,n{e-Ju) 

#<KP<i' f<|m|MnP<Ar 



/„(z) = /(z)|zr = ^(|z|)|zr 
(with (p : (0, oo) — ^ [0, 1/e] as defined just prior to (3.6)), and where, by (1.3.4) and (1.3.5), 

(roW) 



du , (4.10) 



(4.11) 



-Pm,n (-^5 fu) — ^ ^ 



S{m,n;£q) f 



£q 



ESoo,oo{m,n;c) (2iT-Jrrm 



Given arbitrary coefficients a^, a„ G C (0 ^ n G D), and with /^(z) and Pm,n{(!-\ fu) as above, it follows 
by the Corollary to Theorems 1 and 2 (similarly to how (4.4) was obtained) that, for ^ f € and u € M, 

^ ] dn Pm,n (^j fu) — 

iV/4<|mP,|n|2<JV 



= TT ^ K/„ (i/v,0) ^ a,tc^ (m; 1/^,0) ^ a„ Cy (n; z^y, 0) + 



V 

uv>0 



Ar/4<|mP<Ar JV/4<|n|2<JV 

+ Oa ((logX) (1 + O, (iVi+^|£|-2)) ||a+ Ha^HJ , 



with ^ = 2 as previously (/„ having the same support as /), and, by (1.2.14), (4.11) and (3.6), with 



r„ = X-^/^ max 

r>0 



max max x(3-'=)/2 

r>(4X)-i/2 fc=0,l,2,3 



„4iu 



^ max max 
r>o fc=o, 1,2,3 



(1 + H)' 



(since ip{r) = for < r < 2 ^X ^Z^). Since one may take here = a„|np(*^"\ for ^ n S D (when 
u,t are any given real numbers), we are therefore able to deduce from (4.10) that 



where 



St{Q,X,N)<^ J \^i4iu)\(il + \u\)^E+ Yl Ptiu)]du 
E<t:{logX) {L + O, {N^+')) ||ajv||2 <e X' {L + N^+') ||ajv||' 



(4.12) 



(4.13) 



41 



and 



(ro(^)) 
Fe{u)= J2 



V 
uv>0 



K/„K,0) ^ a„|m|2i(*+«)c^(m;z/y,0) ^ a„|n|2*(*-")c^ (n; z/y, 0) 

N/4<\m\^<N JV/4<|n|2<Af 



< 



CT=±1 y 

i'v>0 



JV/4<|ra|2<JV 



(4.14) 



where 



(by the arithmetic-geometric mean inequahty). 

For u G R, let (fu ■ (0,oo) — >■ C be the function satisiying (pu{r) — (p(r)r^'" for r > 0, where (p (as 
in (4.11)) is the function defined just above (3.6). The functions (pu just defined inherit from ip both the 
property of having support [2~^X~^/^ , 2X~^/^] and the property of being infinitely differentiable; they are, 
in particular, continuous functions on (0, oo). Given (4.11), and given that X > 64 > 2, it therefore follows 
by (1.2.17) that, for u e M and < < 1/2, 

OO 

/dr 
|<^„(r)|— min{logX, 



^ ^ -1 

(by the definitions of <^ and $ prior to (3.6)). Since X >1, and since one consequently has logX < (2/e)X^/^, 
one may deduce from the above results that, for u gM., 

'^M'^, « I if < 1/ < min{£/2 , 1/2}. 

Therefore it follows by (4.14), (1.2.20) and Theorem 3, and the case K = P = 1 of Theorem 2 that, in (4.12), 

2 



(roW) 
Fe{u) J2 J2 

cr=±l V 



^ a„|n|2^(*+'^")c^(n;i.y,0) 

JV/4<|nP<JV 



X" 1 



laivli; (4.15) 



(as the variable of summation n is subject to stricter conditions in (1.2.7) than it is in (4.14), the application 
here of Theorem 2 depends on prior use of the inequality \S(N) + S{N jl)"^ < 2|S'(iV)|2 + 2\S{N/2)\'^, where 
S{M) denotes the sum of those terms of the sum over n in (4.14) for which |n|^ lies in the interval (M/2, M]). 
By (4.12), (4.13) and (4.15), and the bounds on *(ir) in (4.9), we have 

St{Q,X,N)^, J \^{4iu)\({l + \u\fX'{L + N'+')\\ELN\\l+ St+au{L,X,N)\du = 

-oo V a=±l / 

CO CSC 

= X'{L + N^+') ||ajv||2 J 0((1 + \u\)-^) d« + y (|*(4m)| + |*(-4m)|) 5t+„(L, X, N) du = 

— OO —OO 

= O (^X' [L + N^+') + oA J il + \u\)-^ St+uiL,X,N)du 
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(both St{Q, X, N) and St+a-u{L, X, N) being examples of the sums defined in (1.3.2)). Since we have L ^ Q* , 
with Q* as in (1.3.9), this upper bound just obtained for St{Q, X, N) therefore imphes the result (1.3.10) of 
Theorem 7; as explained below (4.6), this completes the proof of that theorem ■ 



We use the remainder of this section to prepare for and present our proof of Theorem 5. Considering 

firstly the sum 

(ro(9)) 

^ 6„c^ (n;z/y,0) 

N/i<\n\'^<N 



<7~(b,7V;X)= ^ X^ 



V 



(4.16) 



it follows by Theorem 4 (in conjunction with an ineqiiality similar to that mentioned, in parenthesis, below 
(4.15)), and by the latter part of Remark 3 (below Theorem 2), that for ^ g G D, X, > 1, arbitrary 
complex coefficients 6„ (0 7^ n e £)) and any e > this sum satisfies 

<(b,iV;X) « [l + [1 + [-J^]) W^nWI \og(2 + ^ 

where ||bAr||2 and 0(g) are as indicated by (1.2.11) and (1.2.20). By Theorem 3, and given the condition 
£ > 0, and the conditions X,N >1 (which ensure that (1 + XN\q\~'^)/{l + Nlq]-"^) > 1), it is implied by 
the above bound on (b. A''; X) that one has 

/ XNX"^ / N\ 
a^{h,N;X)^,{QNr + — \ ( 1 + g j llbivH^ if Q/2<\q\^<Q 

(with 1? e [0, 2/9] given by (1.2.20) and (1.2.21)). By summing this over the relevant q € O, one obtains: 

1? / Ar\ l-l? 



^ a^{h,N;X)«,Q{QNy^l + ^^ + ^) 



Q/2<\q\^<Q 



{QNY (Q + XNf {Q + N)'-'' \\hN\\l , (4.17) 



for Q > 1. Given t e M, and arbitrary coefficients a„ G C (0 7^ n S D), one may apply (4.17) with the 
particular coefficients &„ = a„|np'* (0 7^ n G O). Then, by the definitions in (1.3.2) and (4.16), the sum 
bounded in (4.17) equals St{Q, X, N); and so, given the equation ||b7v||2 = l|aAr||2, and the inequalities 

{Q + XNf (Q + N)^-^ <2{Q'^ +X^N^) (Q^-^^ + N^-^) and N^-^ < ma^{Q , N} < Q + X"^ N , 

this application of (4.17) yields the bound 

StiQ, X, N) «e [QNY {Q + X^N'^Q^-^ + X'^N) , (4.18) 

for i e M, (3,X,iV > 1 and e > 0. Note that the term X^N^Q'^-'^, in brackets, on the right-hand side of 
(4.18), is greater by a factor Q'^ than the corresponding term occurring in the result (1.3.7) of Theorem 5. 
From the bound (4.18) we deduce the first of the next two lemmas. The second of these lemmas is proved 
by a straightforward application of Theorems 6 and 7. 



Lemma 4.1. Let l/2>e> 0; let Qo > 1; and let 1? be given by (1.2.20) and (1.2.21). Then there exists 
a number Ci ~ Ci{e,Qo) € [l,oo) (depending only upon e and Qq) such that, for all t € ffi, and for all 
Q,N,X>1 satisfying Q'^'" < N, or Qi+'= > XN, or Q < Qo, one has 

StiQ, X,N)<Ci{s,Qo) {QNY (Q + X'^N) \\3iN\\l ■ (4-19) 
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Proof. Assume the hypotheses of the lemma; and let t gM.. By applying (4.18), with e/3 substituted for e, 
one obtains the bound 

StiQ,X,N)<s:e (QNY {Q + X''N)\\aN\\l , (4.20) 

whenever Q,N,X >1 are such that X^N^Q'^''^ < {QNf"'^ max {Q , X^^N). This condition holds if and 
only if one has either {XN/Qf < [QNf^/^ or {Q/Nf-^ < (QN)^"/^. Here we may assume Q,N,X>l;so 
by Theorem 3, the former of the two inequalities involving (QN)"^^^^ will hold if {XN /Q)"^/^ < Q'^^/^; while, 
since —d < and e < 1/2, the latter inequality (which is equivalent to having [Q/NY^^'^^/^^~'^ < Q*^/^) 
will hold if {Q/N^/^ < Q^^/^. Hence one obtains (4.20) for Q,N,X>1 satisfying either XN/Q < Q^^ or 
Q/N < (so certainly in all the cases where Q,X,N>1 and either (5^+^ > XN or Q^'" < N). 

When 1 < Q < Qo, we may, instead of the above, simply apply (4.18) as it stands (i.e. with e there as 
it is here). Indeed, since i? < 1 and 1 — i? < 1, it follows by (4.18) that for Q,X,N > 1 one has 

St{Q,X,N) {QNY {Q + X''NQ + X'>N) WslnWI < Q{QNy {Q + X'>N) WslnWI , 

so that 

St{Q,X,N)^,,Q„ {QNY {Q + X''N)\\aN\\l if Q < Qo- (4.21) 

Given both (4.21) and the conclusion of the preceding paragraph, it has now been shown that if, for example, 
C\{s,Qo) = max{l , A{s) , B{e,Qo)}, where A{e) and B{£,Qo) are any of the positive numbers that may 
serve as implicit constants in (4.20) and (4.21), respectively, then the bound (4.19) will hold in all the cases 
referred to by the lemma I 



Lemma 4.2. Let j > 2; let 1/2 > s > 0; and let 'd be given by (1.2.20) and (1.2.21). Then there exists 
a number Cj = Cj{e) € [l,oo) (depending only upon e and j) which is such that, for all t G R, and all 
Q,X,N >1 andY gR satisfying both 

X>^>1, (4.22) 

and 



min|X,:^|=y, (4.23) 

there exist L,v gR satisfying both 

YN 2^°YN 

^<i< — . (4.24) 

and ^ 

{{l + \v-t\)-^^-^^S4L,Y,N) + Q'+^^-'^'/^\\BiN\\t)>St{Q,X,N). (4.25) 

Proof. Let j, e and i? satisfy the stated hypotheses. Suppose, moreover, that i G R; that the parameters 
Q,X,N > 1 satisfy (4.22); and that Y is given by the equation (4.23). Then, since Q >l and 2-e > 3/2 > 1, 
it follows by (4.23) and (4.22) that X >Y > Q/N > 1. Hence (and since i? > 0), the result (1.3.8) of 
Theorem 6 implies that 

St{Q,X,N)<(^) St{Q,Y,N). (4.26) 



By substitution of e/3 for e in the result (1.3.10) supplied by Theorem 7, one has, in (4.26), 

oo 

St{Q,Y,N)<^,j J 5t+„(i,F,Ar)(l + H)-(^-2)^^^+y^/3(^Q+^+A^^+^/3) lla^ll^ , (4.27) 

— CSO 

for some L e [2-^tt'^YN/Q , 2^'k'^YN/Q]. Choose such an L: this ensures (since 8 < tt^ < 16) that the 
inequalities in (4.24) are satisfied. Then, in considering the definition of the sum St+u{L,Y,N), we may 
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note that, on the right-hand side of the defining equation (1.3.2), the inner sum (over spaces V) ahvays 
has a finite number of terms: see the discussion of exceptional eigenvalues below (1.1.11). Consequently all 
the summations in (1.3.2) are finite; and so it is evident (from an inspection of (1.3.2)) that the function 
u H- > (1 + \u\)~^^~^'> St+u{L,Y, N) has its range contained in [0,oo), and is both bounded and continuous 
on R. Given the well-known evaluation of /]g(l + ii'^)^^du, it may therefore be deduced that there exists 
some t; € R such that the integral appearing in (4.27) is equal to 7r(l + \v — t\)''^^~^^ Sy{L, Y, N). Hence, and 
by (4.26), it suffices for completion of this proof that we note (with regard to the rightmost terms in (4.27)) 
the three inequalities 

YN/Q < Q^-^ < Q, max{g , N^+^^^} < QN''^ and Y^'^N^/^ = {YNf^^ < Q(2-e)e/3 ^ 
which (given that £ > and Y,Q,N> 1) are implied by (4.23), (4.22) and (4.23), respectively ■ 

The Proof of Theorem 5. 

By (1.3.2) one has St{Q,X,N) = whenever either Q or is less than 1; so it will suffice to prove 
Theorem 5 in cases where Q,N >1. Given the nature of the result (1.3.7), it may therefore also henceforth 

be supposed that 1/2 > e > (the result for e = 1/2 implying the result for all e > 1/2, when X,Q, N > 1). 
Taking now C2(e) S [l,oo) to be one of those numbers shown to exist by the case j = 2 of Lemma 4.2, we 
put 

Qo = Qo{£) = {2^'C2{e)f'^ and Co{e) = Ci{s , Qo) , (4.28) 

where Ci (e , Qo) is any one of those numbers whose existence is established in Lemma 4.1 (note that we 
certainly have Qo > 1 here). The values of e, C2(£), (3o(e) and Co{e) are to remain fixed throughout this 
proof. We assume also a fixed choice of the arbitrary complex coefficients a„ (0 7^ n e D) appearing in the 
definition (1.3.2) of the sums Si{Q,N,X). 

For each Q £ [1, 00), let A{Q) denote the proposition that, for alH e M and all X,N > 1, one has 

St{Q,X,N) < Ca{e){QNf {Q + X"^ N + Q^-^^ {X Nf) Wa^Wl , (4-29) 

with "& being the constant defined in (1.2.20) and (1.2.21). In what follows 'A{Qy may be used as shorthand 
for either 'Proposition A{Qy or 'the truth of Proposition A{Qy (which is the case should be clear from the 
context). 

Since the bound (4.29) implies the result (1.3.7) of the theorem, we have only to show that A{Q) is true 
for all Q € [1,00) (that will prove the theorem). Since < ?? < 2/9 < 1/2 (by Theorem 3), the right-hand 
side of (4.29) is an increasing function of Q. Therefore, and since the definition (1.3.2) implies that 

St{P,X,N)=St{Q,X,N) if Q + l>P>QeN, (4.30) 

we have 

A{Q) implies A{P) if Q-|-l>P>geN; (4.31) 

and so may in fact complete this proof simply by showing that A{Q) is true for all Q € N (with it then 
following by (4.31) that A{P) is true for all P S [l,oo)). The method of proof by contradiction is suited to 
this task. 

Suppose that A{Q) is false for some Q E N. Then the set T = {Q G N : A{Q) is false} is a non-empty 
subset of N, and so contains a unique least element, R — min S C N. Since R G J^, we have: 

A{R) is false. (4.32) 

On the other hand, for Q = 1, 2, . . . , i? — 1, the hypothesis A{Q) must be true: else one would have Q G J^, 
and so Q > min J" = R, which is impossible when Q < R. Upon combining this with (4.31), we deduce: 

A(Q) istrue for all Qe[l,R). (4.33) 
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Given the definition of Co(e) in (4.28), it follows by Lemma 4.1 that A{Q) is true for all Q <E [l,(3o(e)] 
(the bound in (4.19) implying that in (4.29)). By this result and (4.32), it must be the case that 

R > Qo(e) • (4.34) 

We aim to deduce from (4.28), (4.33) and (4.34) that A{R) is true. Such a deduction would directly contradict 
(4.32); would thereby establish the falsity of the premise that A{Q) is false for some Q E N: and so would 
prove that A{Q) is true for all Q E N. To achieve this we must show that, for Q — R, all t E M, and all 
X,N >1, the inequality (4.29) holds. By Lemma 4.1, the inequality (4.29) does hold if it is the case that 
Q = R, tGR, X,N>1 and either R^~^ < N, or R^'^'^ > XN. In all remaining cases (that are relevant to 
our purpose) one has 

R-^X > ^>R^ . (4.35) 

Therefore we may establish that A{R) is true by showing that (4.29) holds ii Q = R, t E R and X,N > 1 are 
such that (4.35) holds. Accordingly, we assume henceforth that t gR and X,N >1; and that (4.35) holds. 

Since e > and R > 1, the inequalities in (4.35) imply the case Q = R oi the condition (4.22) of 
Lemma 4.2. Therefore, given our choice of C2{s) (prior to (4.28)), it follows by the case j = 2 of Lemma 4.2 
that we have 

St{R,X,N)<C2is)(y] (5,(L,F,Ar) + i?i+(2--)-/3||a^r||2), (4.36) 

with Y = mm{X , R^-^/N}, for some v G R, and some L satisfying YN/R < L < 2^°YN/R. Here we 
have, by (4.35), 

Y > mm{X, R}>1 

and (since < e < 1/2) 

L > ^ = mm\^^, R^-'X > min R^'"} > 1 . 

R K R J 

Moreover, since 

L<^ = 2-min|^,ii-|, (4.37) 



— — = z mm < — — 
R \ R 

and since (given that 0<£<l/2<3 and C2(e) > 1) it is implied by (4.34) and (4.28) that 

R' > {2^'C2{e)f" > 2"' > 2^° , (4.38) 

it must consequently be the case that we have here: 

L < 2^°R^-^ < R . (4.39) 

By the above, we have 1 < L < i?; so that it follows by (4.33) that the proposition A{L) is true. 
Therefore, and since v eR, N >1 and (as just shown) Y >1, the inequality (4.29) holds when one replaces 
t, Q and X there by v, L and Y, respectively. This means that we have: 

S,{L,Y,N) < Co{e){LNf {L + Y^N + L'-^^YN)^) HajvH' , 

where, since 1 > 1 - ?? > 1 - 2i? > 5/9 > 1/3 > 0, it follows by (4.37) that 

This, with the first part of (4.39) (and the hypothesis that < e < 1/2), allows us to conclude that 
S,{L,Y,N) < 2i6Co(£) {R^-'NY {r'-'I^ + Y'>n) ||a,v||2 • 
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Therefore, and since 1 + (2 - e)e/3 = (1 - £/3)(e +1), s> 0, and R, N, Co{e) > 1, it follows by (4.36) that 
Since Y = min , R'^^'^/N^, e > and i? > 1, we have, in the above, 

(^^^ ijl--/3 < + 1^^^ ^l-./3 < ^ ^ ^^^^^^l_2^_(l/3-^)e 

and (given that 1/3 — ■!?>l/9>0) therefore obtain: 

St{R, X, N) < 2^^C2{e)Co{e)R-''/^{RNy {R + {XNyR^-^^^ + X'^N) ||ajv||2 • 
By (4.38), we have 

2^'C2{e)R-''/' < 1 , 

so that in obtaining the above bound for St{R, X, N) we have achieved the objective of showing that (4.29) 
holds if Q = R,t gR and X,N > 1 are such that (4.35) holds. This (as noted below (4.35)) is sufficient 
to establish that Proposition A{R) is true, which contradicts what is stated in (4.32). Consequently, as 
explained below (4.34), we have proof by contradiction that A{Q) is true for all Q G N. The theorem 
therefore follows (as discussed in the paragraph containing (4.31)) ■ 



§5. Schwartz Spaces, Fourier Integrals, Poisson Summation and the Analytic Large Sieve 

This section is where we begin our dedicated preparation for the proof of Theorem 9. In it we have 
collected together certain definitions, remarks and lemmas, for use in the sections which follow. 

Definition (Schwartz Spaces for R" and C"). For n G N, the 'Schwartz space ', <S(M"), is the space of 
all functions F : K" C such that, for each pair {A,j) e [0, oo) x (N U {0})", there exists a continuous and 
bounded function : M" ^ C such that one has 

Qh-\ hjn 

{xl + ... + xl)^-j^ -^F(x) = F^j(x) foraJJ x e K". 

For n e N, we define iS(C") to be the space of all functions / : C" — >■ C such that the space iS(]R^") contains 
the function F : M^" C given by F(x) = f{xi + 1x2, x^ + 1x4,, X2n-i + ix2n) (x S M^"j. 

Definition (Fourier Transforms). Let n € N. For F G <S(M") we define the corresponding 'Fourier 
transform', F :W by 

/OO pOO 
•••/ F(x)e(-y x)da:;i---da;„ (yGW^), (5.1) 

-00 J —00 

where y • x = yiXi + • • ■ + ynXn- The existence of the integral in the equation (5.1) is guaranteed by the 
continuity of F, and the boundedness of the function x (1 + xf) •••(! + a;^)F(x) (which follow from the 
definition of the Schwartz space for K", with the help of some elementary ineqalities) . Indeed, although 
Fourier transforms are defined slightly differently in [17, Chapter 13, Section 4], it is effectively shown by 
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[17, Chapter 13, Theorem 4.1] that (5.1) defines a linear mapping ofS{W) into itself 
For f e .S(C"), we define the Fourier transform f : ^ C by 

/(w) = F(Re{wi),-Im{wi),Re{w2),-lioa{w2), ,Re(u;„), -Im(«;„)^, (5.2) 

where F is the element of <S(M^") given by F{x.) = f{x\ + ix2, + ixi, . . . , X2n-\ + ix2n) (x e M?"); this 
means that 

/(w) = / ••• //(z)e(-Re(wz))d+^i---d+^„ (zeC^), (5.3) 

Jc Jc 

where w • z = wizi + • • • w;„z„ and d+z = dx dy for z E C with Rc(z) = x, Im(z) = y. Given the final remark 
of the preceding paragraph, it follows by (5.2) that, for each f G iS(C"), one has f G iS(C"). 

Definition (The Mobius function for For n G D — {0}, we define 

/ s f if there exists a Gaussian prime w such that w"^ \n, ,^ 

Mo(n)-|^_^^^(„) (5-4) 

where w{n) is the number of prime ideals of the ring £) that contain n (i.e. one quarter of the number of 
Gaussian primes that divide n). This is a 'multiplicative' function on D — {0}, in the sense that it satisfies 

^o{mn) = iX£i{m)ixo{n) for m,ne£) — {0} with {m,n) ^ 1. (5.5) 

A useful property of this function is the identity 

l^MD(ci) = {j il^^J; (5.6) 

d\n 

which is valid for all non-zero n G D (and may be deduced, in a very few steps, directly from (5.4), given 
that the ring of Gaussian integers is a principal ideal domain with 4 units). 

Definition (The Distance to the Nearest Gaussian Integer). For /3 € C the 'distance from to the 

nearest Gaussian integer' is the number \\f3\\ G [0, oo) given by 

\\/3\\ — min{|/3 — m| : m G O} . 
Since C = R + iR, D = Z + iZ and \x + iy\'^ = x"^ + y"^ > x^ (x, y GR), one has 

\wr^\\Re(i3)r + \\Mm^ a^&c). (5.?) 

Given that every real interval of form (x— l/2,a;+l/2] contains exactly one integer, it follows by (5.7) that, 
for all /3 e C, one has < (1/2)2 ^ (1/2)^ = 1/2. 

Remark. In addition to the above definitions, we shall have cause to recall the orthogonality of the characters 
of the additive groups D/m.O (0 ^ m G £)). Specifically, when ^ m G £) and a,b G D, one has: 



V efRef^))efRef^')U V efRe f i^^) U ( ifa^bmodmO, (53) 

\mJJ \ \mJJ V m J J \o otherwise. ^ ^ 

n mod mO ^ \ / / „ \ \ / / v 

The first equality in (5.8) follows by Eulcr's formula for e'^, and the identity exp(.x) cxp(y) = exp(x+y). In the 
case a = b mod mD the second inequality of (5.8) follows since e{k) = exp{2mk) = 1 for all A; G Z, and since 
one has [D : rnD]^ = [D : mO][D : mO] = [D : m,0][mD : mfnO], where D = Z + and mm = \m,\^ G Z, 
which implies that [D : mD]^ = [O : mrnD] = [O : |mp£)] = |(Z/|mpZ) x (Z/|mpZ)| = |m|^, and so shows 
that the additive group O/mD has order 

|0/mO| = Imp . (5.9) 

In the case a 6 mod mO, the second inequality of (5.8) follows by considering the effect of the substitutions 
n = n' + 1 and n = n" (applied to the variable of summation). 
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Lemma 5.1 (Fourier's Inversion Formulae). Let n G N. Then, when F G *S(M"), one has 

/OO f- oc 

••• / i?'(y)e(x-y)dj/i ••• dy„ = F(x) fx e M»;. (5.10) 

-CSO J —OO 

For f e 5(C"), one has 

j ■ ■ ■ I /(w) e(Re(z • w)) d+toi • • • d+u;„ = /(z) fz e C";. (5.11) 

Proof. Given (5.1), the result (5.10) simply states that one has G'(— x) = F(x), where G = F; as much may 
be deduced from [17, Chapter 13, Theorem 5.1], by way of one hnear substitution (applied to the relevant 
variables of integration). The result (5.11) follows directly from (5.10): to see this one has only to apply the 
definition of <S(C"), and the definitions made in connection with (5.2)-(5.3), along with some substitions of 
the form t/2/s = — i^fe • 

Lemma 5.2. Let n € N. Then, for m = 1, . . . ,n, there is a Unear operator Cm with domain <S(C"), and 
range contained in iS(C"), that is given by 

wiiere XmiUm denote (respectively) the real and imaginary parts of Zm- Let f lie in the space 5(C"). Then, 

for m = 1, . . . ,n, the functions f and Cmf have Fourier transforms f, Cmf € <S(C") that are related to one 
another by: 

Q(w) = |27rw„|V(w) fw e C";. (5.13) 

For all w e C", and all j e (N U {0})", one has 

|/(W)| IT Mwrnl)^'"" = CTfM < J3f\{0) =[■■■[ |£V(z)|d+^l ■■■d+Zn , (5.14) 

wiiere £■> denotes the operator jC{^ ■ ■ ■ . 

Proof. Let / G iS(C") and m S {1, . . . , n}. Then, as an immediate corollary of the definitions of the spaces 
5(C") and 5(M2"), one has also [d/dxmff G 5(C") and [d/dymff G <S(C"). Therefore, and since <S(C") 
is a complex vector space, we have Cmf € 5(C") when : C" C is the function given by (5.12). 

The case n = 1 of (5.12) is [23, Lemma 4.2, Equation (4.6)]: a short proof of that result is supplied in 
[23] (we do not repeat it here). 

Supposing now that n > 1, it will suffice to prove (5.13) for m = n: the other cases may be proved 
similarly. By an appeal to the relevant definitions (of Fourier transforms) we may first express £„/(w) as an 
integral over R^". Then, by Fubini's reduction theorem for higher dimensional real integrals [1, Section 15.7], 
we find that 

^nfi'w) = G{wi,...,Wn-l) , (5.15) 

where, for s e C""^, 

G{s)=C^,{wn) , (5.16) 

with /s : C — ^ C being given by 

fs{zi) = f{si,S2,...,Sn-l,Zl) (zieC). (5.17) 
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Since it is a corollary of the relevant definitions that / € «S(C") implies fs € «S(C) (for all s € C" we 
have here, by the case m = n = 1 of (5.13), 

A/slw^n) = |27rw„|^/s(w„) , 
and so it follows by (5.16), (5.15) and the linearity of Fourier transforms that 

'Cn/(w) = \2lTWnfH{wi, . . . ,Wn-l) , 

where, for s G C"~^, one has H{s) = H{s;wn) = /s(w„). By (5.17) and the definition of the Fourier 
transform (as it applies to «S(C), iS(C"^^) and 5(C")), the equation just obtained is the case m = n of the 
result (5.13) of the lemma: as noted above, the proofs for m = 1, . . . , n — 1 are similar. 

From (5.13) it follows by induction on N" that, for w e C" and j G (N U {0})", one has 

n 

/(w) l[{2n\wm\f- =/:if{w) , 

m=l 

where, as stated below (5.14), jC^ = jC\^ ■ ■ ■ C^^. The first equality in (5.14) follows trivially; the last equality 
there is simply a statement of the relevant definition; and the inequality in (5.14) is also trivial, given that 
e(Re(w • z)) is, for w, z e C", a complex number of unit modulus. ■ 

Remarks. The operator Cm defined by the equation (5.12), in Lemma 5.2, is (apart from the factor — 1) 
the Euclidean Laplacian operator. By (5.12) one has 

£™ = -4^^, (5.18) 

where 

d I f d . d \ , d I f d . d \ 

-i- — and -7t= = ^\^ — — (5.19) 



dzm 2 \dxm dymj dzm 2 \dxm dy, 

(with Xm and ym denoting the real and imaginary parts of Zm)- Although Lemma 5.2 assigns Cm the domain 

5(C"), it is helpful not to be so restrictive when assigning the domains of the above operators d/dzm and 
d/dj^. Indeed, given any n non-empty open regions Di, . . . ,Dn C C, we may (assuming n > m) apply 
these operators to any function f : Di x ■ ■ ■ x Dn C such that, for all s e .Di x • • • x the function 
Zm '-^ .f{si, • • ■ . 'Sm-i; z„i, Sm+i, • ■ • , is smooth On Dm (in the sense defined at the start of Subsection 1.2); 
for such /, one has, when d e C" and maps z S C" to {diZi, . . . , dnZn) G C", the elementary identities 

^ if ° 9d) = dm ( f] o Qd and {f o g^) = dm ( f] o , 



dZm \dZm ) dZn 

which, by (5.18), together imply that 

I 1 2 

Cm if O gd) = \dm\ {Cmf)ogd- (5.20) 

It is also worth noting, for use later, that if g is a holomorphic complex function on some non-empty 
open region D C C, then for Zm & D one has (as a consequence of the Cauchy-Riemann equations): 

^ {Q{zm)) = q'{zm), ^ =0, {q{zm)) =0, ^ ((z(^)) = q' (z^) . (5.21) 
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Lemma 5.3 (Poisson Summation over K" and over C). For n e N, one has 

J2 F{^) = E ^(y) e (5.22) 

xGZ" yeZ" 

For T G C, and / S iS(C), one has: 

E/(^.)e(ReM) = E/(^-r). (5.23) 

Proof. This lemma is essentially a reproduction of part of [23, Lemma 4.1]; the proof given there sketches 
how to deduce (5.23) from the case n = 2 of (5.22). For a proof of (5.22), see [17, Chapterl3, Section 6] ■ 

Lemma 5.4. Let n G N, A e (0,cx)), fl e (0,oo)", C > 1 and f e 5(C"). Suppose that 

n _ ■ 

£f •••4"/(z) «j n e (C*)", j e (Nu{0})";, (5.24) 

m— 1 

where the operators jC-i,. . .,Cn are those defined by the equation (5.12) of Lemma 5.2. Suppose moreover 
that, for all z e C", 

/(z) = unless C~^flm < Izml"^ < Cflm for m = l,...,n. (5.25) 



Tien, for j = 0, 1, 2, . . . , one lias 



„=i (1 + C iAfi„|u;„| ) 

Proof. Let w e C"; and let j € (N U {0})". Since / e 5(C") , it follows by the result (5.14) of Lemma 5.2, 
and by the hypotheses (5.24) and (5.25), that 

|/(w)| n (27r|«;„|)'^''" «j / ( n (A|^„^|y Jd+^i • • • d+Zn = f[ (a-^- / l^j-^^- d+^j , 
where, for m = 1, . . . , n, 

Am = {zeC: C-'^Q-m < \z\^ < CQ.m] ■ 

Hence, by using the upper bounds 

[\z\-^^-d+z< / d+z < ""^^"^ . (m = l,...,n). 



one finds that 



\fM\l[M^rn\f-«i n 



m=l m=l (C* ^Ailfn)"' 

Let J be a non-negative integer. We apply apply the last bound above, for the unique j € (N U {0})" 
having, for m = 1, . . . , n, 

= I J if (2^|u;„|)2 > (C-iAfi„)-\ 
1 otherwise. 



This yields the upper bound 



til (max{47r2|w;„|2C-iAO„ , l})^ 
Since max{a, b} > (a + 6)/2 > for all positive a, b, the result (5.26) follows ■ 

The next three lemmas are perfect Gaussian integer analogues of results contained in [21, Lemmas 2.2, 2.3 
and 2.4]: although the relevant proofs are also analogous, we have nevertheless chosen (for the sake of 
completeness) to include sketched proofs of these lemmas. 
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Lemma 5.5. Let A,<li G (0,oo), C > 1 and f € 5(C) satisfy the case n — 1 of the hypotheses (5.24), 
(5.25) stated in the previous lemma. Then, for t £ C — D and j = 2, 3, 4, . . . , one has 

E 1/(^-^)1 ^^'C {AQ,\\Tfy'ni , (5.27) 

where /3 is the 'distance to the nearest Gaussian integer' function, defined just above (5.7). 

Proof. Let t <E C; and let j be an integer with j > 2. As noted below (5.7), one must have ||r|p < 1/2; 
there therefore exists some v O such that l/\/2 > |t — z/| = ||r|| > (the last inequality holding by virtue 
of the hypothesis that r ^ O). For such a u £ D, the sum on the left-hand side of (5.27) may be rewritten 
^ S$'eiD + ~ Consequently it follows by the case n = 1 of the bound (5.26), which Lemma 5.4 
provides, that we have here 

E - r)| = JZlm' + - - r)\ «, + ^^^^ (l + C7-A0r|e-(r-.)|Y ' 

The result (5.27) follows, since - (r - u)\ > \C\ - l/\/2 > (1 - 1/V2)\^'\, for ^ ^' e D, and since one 
has both oo > - t\-'^^ = \\t\\-'^^ > 2^ and, given that j > 2, Eo^j'eO l^'l"^'' < 1 ■ 

Lemma 5.6. Let A, fii e (0, oo), C > 1 and / G ^(C) satisfy the case n = 1 of the conditions (5.24), (5.25) 
stated in Lemma 5.4; let d € O - {0} and j e {2, 3, 4, . . . }. Then, forr eC-O, 

J2 /(m)e(Re(Tm/d)) «,,c (A|d|-2f]i||rf \d\-^n, . (5.28) 

rn=0 mod dO 

For h,k G O, q £ D — {0} and B > 0, one has moreover: 

E fim)e(Ro(l^))= (5.29) 



m=0 mod dO 



I 6 ||2^ B\d\- 



m=0 mod d£) 



and 



E f{m)S(hm/d,k;q)= (5.30) 



m=0 mod dO 



= E E /Me Re -- +0,,c 



6 mod (jO mGO 
I h ii2 ^ Bld|2 m=0 mod dO 



b m\\ ^ /A-i|g|4 



q d J J •''"V 



wiere (m/d)* denotes an element of O satisfying {m/d){m/d)* = 1 mod qO (it thereby being an implicit 
condition of the summation on the left-hand side of (5.29) that m must satisfy (m/d, g) ~ Ij, while S(u, v; w) 
is the 'simple' Kloosterman sum defined in (1.3.6), and the term Cq{b, h; k) in (5.30) is given by 

Cg{b,h;k)= E ^(^®(~))- (^-^^^ 

a mod qO ^ V 9 / / 
(a,g)~l 
ab=h mod qO 
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Proof. The results (5.28)-(5.30) can be rewritten by expressing /(m) as g{n), where n = m,/d E D (in the 
relevant summations), and where g{z) = f{dz) for z & C One has therefore only to prove the case d = 1 
of the lemma: for it follows by the remarks subsequent to Lemma 5.2 that the conditions on / in (5.24) 
and (5.25) imply that the function g satisfies similar conditions (differing only in that 0^ is replaced by 

Since the case d = 1 of (5.28) is an immediate corollary of the identity (5.23) of Lemma 5.3 and the bound 
(5.27) of Lemma 5.5, it therefore only remains to consider, for d = I, the results (5.29) and (5.30)-(5.31). 
If one lets B — >• +oo, then the sums over b appearing in (5.29) and (5.30) become sums over all b mod qD; 
the case d = 1, B ^ +oo of (5.29) is therefore a direct consequence of (5.8) (i.e. of the orthogonality of the 
characters of the additive group O/qD); while the case d = 1, i? — > +oo of (5.30)-(5.31) is an immediate 
consequence of the definition (1.3.6) of the 'simple' Kloosterman sum. The O-terms in in (5.30) and (5.31) 
therefore need only serve as upper bounds for the sums 



E, = 



E 

b mod qO 



S{-h,b; q) 



bm 

q 



and 



Eo = 



E 

b mod qO 



Cg{b,h;k) J2 fMcUcf 



bm 



respectively (note that the relevant definitions trivially imply that \\b/q\\ is determined by the residue class 
of b mod qD). To verify that those O-terms do serve in this capacity, we note firstly that one has 



E 

b mod qO 
II k |P^^ B 

g II ^ Af^T 



f{m) e 



E 0,-c Af] 



b mod qO 
II k Ip^ B 

II g II Af^i 



2 



«,-c(Afii)-(^'+^)f2i|g|W) ^ |/3|-W) = 

= (A0i)"^'+'^i^ikl'(^+'^0(^(^)"') «A-i|5pB- 



(the first line being an application of the case d = 1, r = b/q of (5.28), with 'j + 1' substituted for 'j'' ). The 
verification is completed by noting that both \S{—h, b; q)\ and \Cq{b, h; k) \ are (given (5.9), (1.3.6) and (5.31)) 
bounded above by so that, by the above, one has Ei <^j^c A~^|gpB~-' and £'2 <^j,c A~^\q\'^B~^ ■ 



Lemma 5.7. Let b,h,k £ O and q £ O — {0}. For u,v & D, let Cq{u, v; k) he given by the equation (5.31 ), 
in the previous lemma. Then one has 



Cq{b,h;k)=0 if {b,q)r/^ {h,q). (5.32) 

If it is, however, the case that 

{b,q)^{h,q)^ceQ (say), (5.33) 

then c 7^ 0, and 



t|(c,fe) 
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where it is implicit in the hist summation that {c/t,q/c) ^ 1 (the factor (h/t)* /(q/c) = {{h/c}{c/t))* /(q/c) 
here having the meaning explained in Subsection 1.5, under the heading 'Number-Theoretic Notation'). One 
has, in particular, 

S{k,0;q) = S{Q,k;q)=c,{0,Q;k) = no(-^)\{q,k)\^ H fl-^\ (5.35) 

' prime ideals ro£) CO ^ 11/ 

where S{u,v;'w) is the 'simple Kloosterman sum' defined in (1.3.6). 

Proof. The conditions of summation in (5.31) imply the congruences h = ab mod qO and b = a*h mod qO 
(which are equivalent when one has (a,q) ~ 1). The sum defining Cq{b,h;k) is therefore empty unless one 
has both {b,q) \ (h,q) and {h,q) \ {b,q); and so the result (5.32) follows. 

Suppose now that c G D, and that (5.33) holds. Then c | q, and q ^ 0, so c ^ 0. By (5.33), we have 

b = Be, h = He and q = Qc , (5.36) 

for a unique Q G O — {0}, and a unique pair B,H G D satisfying 

{B,Q)^1^{H,Q) . (5.37) 

Hence we can find an A £ O satisfying AB = 1 mod QD. This A necessarily satisfies {A, Q) 1. Then, by 
(5.36) and (5.37), we may deduce from the definition (5.31) of Cq(b,h;k) that 

a mod QcO ^ V^^yy ^ mod cO ^ 

(o,c)~l (AH+dQ,c)-l 
a=AH mod QO 

By the property (5.6) of the Mobius function /io, we therefore obtain: 

Cg(6,/i;fc)=e(Re('^)) ^M£,(s) ^ e^Ref— )V 
V V <^c y y d mod cO ^ V c y y 

s|c dQ=-AH mod sO 

where, since (AH,Q) 1, the innermost sum on the right is empty unless (s,Q) ~ 1. Consequently, 
c,{b,h;k) = e^Re[^^^ ^ ^o(.) E ^(^^t)) = 



5|c d mod cO 

(s Q)^l d= — AHPs mod sO 



-(Ke(Mf)) E ..(.)e(-(^)) E 



s|c g mod (c/s)0 

(«,Q)-i 



(^ 



where, for (s, Q) ^ 1, we take to be a Gaussian integer satisfying QPg = 1 mod sO. By the orthogonality 
relation (5.8), it follows from the above that 



fhhi.^ \- ^ ^ c 2 [ [ kAH(l-QPs) \\ ^ . M.I2 ( {k/t)HAR, 

Cq(b,h;k)= 2^ Mo(s) - eiRel ^— ^11= /X£)(s)|i|^e ( Re ( 

(s,Q)~l (s,Q)~l 
{c/s)\k 



where i?^ = (l - QP^) /s G D. Now we have AB ^ 1 mod QD, and (by construction) sRs = 1 mod QD also; 
so it follows that (ARs)(Bs) = (AB)(sRs) = (1)(1) = 1 mod QD, and we are therefore able to rewrite the 
last expression obtained for the value of Cq{b, h; k) as: 



cq(b,h;k)= y: 



st—c 

(s,Q)-i 
t\k 
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where, for (.s,Q) - 1, one has {Bs)* € D and {Bs){Bs)* = 1 mod QD (this defining (Bs)* mod QO). 

In light of the point noted below it, the equation (5.34) follows from the result just obtained (by the 
substitution of c/t for s, and the reversal of the substitutions recorded in (5.36)). 

Since the mapping d mod qD 1—5. d* mod qO is a permutation on the multiplicative group (D/qO)* , the 
first equality in (5.35) follows immediately from the definition (1.3.6). The second equality in (5.35) becomes 
obvious when one compares (1.3.6) and (5.31) for u = 0, v = k, w = q, b = h = 0. To prove the final equality 
in (5.35), we begin by noting that if 6 = /i = then (5.33) holds with c = q, so that by (5.34) one has 

t\(q,k) t\(q,k) 

One may rewrite the last sum over t by means of the substitution t = {q,k)/s (where s \ {q,k)); given the 
properties (5.4), (5.5) of the function fxo, this substitution shows that 



s\{q,k) s\{q,k) 



where, since D is the principal ideal domain Z[z], the last sum over s is (given (5.4)) just what one obtains 
on multiplying out the product over prime ideals wD C D appearing in the equation (5.35) ■ 

Lemma 5.8 (a general analytic large sieve for Let c„ e C for all non-zero n G D = let 

S{a,N)= E Cne{Re{an)) (a € C, N > 0); (5.38) 

0<\n\^<N 

and let e C for all r e N. Then, for ReN, N >1 and l/2>5> 0, one has 

\S{ar,N)\'^ <16M{6,R){2N + 5-'^)\\cn\\1 , (5.39) 

l<r<R 

where 

M{5,R) = ^mj^^ ||p G N : 1 <p < i? and ||ap - a^f < (5|| , (5.40) 

and where the definition of ||cjv||2 is as indicated by the equation (1.2.11), in Theorem 2. 
Proof. Let i? e N and TV > 1. For r = 1, . . . , R, we have (by (5.38)): 



where 



and 



S{ar,N) =J2Y1 "2) e(nix^;^ + n2X^2^^ , (5.41) 
(x'f^ , 4'^) = (Re(a^) , Im(a^)) = x^*^) e (say) (5.42) 



1 otherwise. 

Let 6 e (0, 1/2]; and let M{S, R) be given by (5.40). Supposing firstly that M{S, R) = 1, we have 

\\ap — ar\\^ > S for 1 <p <r < R. 
In this case it follows, by (5.42) and (5.7), that we have 

max \\xf^ - x[^'^ II > (5/2)^/^ for l<p<r<R, 

j=l,2 " " 
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which is a special case (fc ~ 2, Si = 82 = (5/2)^/^ G (0, 1/2]) of [9, Theorem 1, Condition (3)]. Moreover, in 
the sum on the right-hand side of (5.41) (which is similar in form to that in the case A: = 2 of [9, Theorem 1, 
Definition (1)] ), the variables n\,n2 are effectively constrained (given (5.43)) to range within the interval 
[—N'^^'^,N^/'^]] and so, for arbitrary Ni,N2 > 2N'^/'^, the sums in (5.41) satisfy the special case k — 2, 
Ml = —Ni/2, M2 = —N2/2 of [9, Theorem 1, Condition (2)]. As a consequence of these observations, it 
follows by [9, Theorem 1] that, when M{5,R) = 1, one has 

^ |5(a„iV)|' < B1B2 Y,Y1 |c("i,n2)|' = B1B2 \\cn\\1 , (5-44) 

l<r<R ni,n2& 

where 

Bi=B2= ((27VV2) V2 ^ (<5/2)-i/4^' < 2 {2N^/^ + {5/2)-^''') . 

In this case, since {2N'^l^f + {5/2)-^ = 2{2N + S'^), the result (5.39) of the lemma follows from (5.44) by 
way of the same inequality, (a + 6)^ < 2a^ + 26^, that justifies the bound just given for Bi and i?2. 

The above completes the proof in the case where M{S,R) = 1. Suppose now that M{5,R) > 1. Then 
certainly we have R> 1 also. Without loss of generality we may assume that 

\S{aR,N)\>\S{ap,N)\ for 1 < p < i?. (5.45) 

We may also renumber ai, . . . , aa-i so that, for some non-negative integer R{2) < R{1) = R, we have: 

||ar-Q!ij(i)|| <5^/^ for J?(l) > r > i?(2); \\ar - aR(^i)\\ > S^^^ for i?(2) > r > 1. 

By (5.40), the above number R{2) must satisfy R - R{2) < M{S, R). Hence, and by (5.45), 

\S{ar,N)\^ < M{d,R)\S{aR,N)\^ + ^ \S{ar,N)\^ . 

l<r<R l<r<fl(2) 

Moreover, if R{2) ^ then a similar upper bound can be obtained for the last sum here (the sum over 
r = 1, . . . , R{2)). Hence, by iteration of the same procedure, one arrives at a bound of the form 

,7 

J2 \S{ar,N)f <J2Mj\S{an^j^,N)\\ 

l<r<R j=l 

where J > 1, and the sequence of integers i?(l), . . . , R{J) is strictly decreasing, with R = R{1) > R{J) > 
(and R{J + 1) = 0); while, given the nature of our iterative procedure (and the definition (5.40)), 

- aR{r) II > S^/^ for 1 < p < r < J, (5.46) 

and the sequence of integers Mi, . . . Mj is non-increasing, with Mi = M{d, i?(l)) = M{S, R) (subject to a 
suitable initial rcmimbcring of ai, . . . , ur, prior to the start of our iterative procedure, one would have here 
Mj = M{S, R{j)) for j = 1, . . . , J). We deduce that 

J 

\S{ar,N)\^ <M{5,R)Y\S{aRU),N)\\ (5.47) 

l<r<fl j=l 

In (5.46)-(5.47), we may put J = R' (say) and may also, for r = 1, . . . , R' , put a'^ = aR(j.)- Hence, given 
the bound (5.46), the previously established case M{5,R) = 1 of (5.39)-(5.40) shows that 

J 

Y,\S{ocRU),N)\' <1(!>{2N + 5-') \\cm\\1 ■ 
By this bound and that in (5.47), the proof of the results (5.39)-(5.40) is complete ■ 



56 



Remark. The above lemma is slightly more elaborate than we actually require: for in this paper it is used 
only to establish the next lemma, and we could do as much with just the case M{S, i?) = 1 of Lemma 5.8. 



Lemma 5.9 (a special analytic large sieve for Let Cn G C for all non-zero n G O = Z[«]. Then, 

for Q,N>1 and d G O - {0}, one has 



E E 

0<|<3|^<Q a mod g£) 



^ c„ 6 I Re 



0<|nP<jV 



Q 



<64{2N + ^)\\c^\\l , 



(5.48) 



9=0 mod dO 

where q,a,n are Gaussian integer variables of summation, and where ||cjv||2 is as (1.2.11) indicates. 



Proof. The sum on the left-hand side of (5.48) may be written as J2i<r<R\'^i'^r, , where S{a) is 
given by the equation (5.38) of Lemma 5.8, and where, to each r G {1,...,R} there corresponds a pair 
{qr,ar mod f^ri?) with q = cjr, a = ar satisfying the conditions of summation in (5.48), and with = 
Orqr mod qrO (this correspondence r i— >■ {qr,ar mod qrO) being one-to-one). Therefore, assuming that 
R > and \d\'^/Q^ < 1/2, it will suffice to show that the relevant sequence ai . . . is such that, when 
M{5,R) is as defined in Lemma 5.8, one has M(|dp/(5^, i?) < 4: for the bound (5.48) will, in that case, be 
implied by the result (5.39) of Lemma 5.8. 

In order to show that M {\d\'^ / Q'^ , R) < 4, we first note that if 1 < p,r < R and ||Q!p — ctrll 7^ then, 



since d 



Qpi Qr 



one will have 



< ||a„ 



Qp 



qr 



Qp 



dpQr QrQp 



qpQr 



\kd\ 

kpQrl 



(5.49) 



for some k G D — {0}, and hence \\ap 
some r G {!,... , R}, one has 



a^f > MlVkp^rP > Ml V<3^- By this and (5.40) it follows that, for 



M{\d\^/Q^,R) = |{j3eN: 1 <p<i?and Hap-a^H = 0}| . 

Moreover, the first three equalities in (5.49) show that \\ap — 0!r\\ = if and only if apqr = Urqp mod QpqrO, 
and so only if apqr = mod qpD and a^^p = mod qrO. Since the conditions of summation in (5.48) are 
satisfied when either q = qp and a = ap, or q = qr and a = a^, we have {ap,qp) ~ 1 and {ar,qr) ~ 1. 
The simultaneous congruences apqr = mod qpO and arqp = mod qrO therefore imply that we have both 
qp I qr and qr \ qp, and so qp ^ qr- It follows that Hofp — a,. || = if and only if, for some unit e G D*, one 
has qp = eqr and apqr = arcqr mod qpqrO. Since the last congruence implies Up = a^e mod qpO, we may 
conclude that M {\d\'^ / Q"^ , R) = = 4: as noted above, this proves the lemma in cases where R> and 
|d|VQ' < 1/2. 

To complete the proof we observe firstly that (5.48) is essentially trivial in cases where R < 16: for in 
such cases the sum on the left-hand side of (5.48) is either empty (and hence equal to zero) or, for some 
r e {1, 2, . . . , 16}, is less than or equal to 16\S{ar, where, by the Cauchy-Schwarz inequality, one has 

\S{ar,N)\^ <\{nGO:0< \n\^ < N}\ \\cn\\1 < ((27Vi/2 + if _ 1) ||c^||2 < 87V Hc^H^ 

(when N > 1). To complete the proof we note that the conditions of summation in (5.48) imply \q\'^ < 
and 2|d|2 < 2\q\'^, so that if > 1/2 (implying < 2\d\'^) then one wiU have \q\'^ < 2\q\'^, for ah q in 

the sum, and hence i? < 4 < 16 (the summation over q being restricted to q G D*) ■ 
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§6. An Elementary Bound for a Sum of Kloosterman Sums. 



In this section we consider a sum 

^ = E ^M~^ E i^r" E '^'^ E E ^^^^^ ^; p^) ^{h, k, i,p, q) t, , (s.i) 

pjtO qjtQ h k e 

where S{u,v;w) is the 'simple Kloosterman sum' defined in (1.3.6); and where the summation is over the 
points {p, q, h, k, t) G with pq ^ 0. 

Wc suppose that the function has domain C^, and is complex valued; and wc assume that the function 
$ : — > C given by '^{xx-, . . . , Xio) = '{>{x\-\-iX'2,-,x^-\-ix/i, . . . ,XQ+ixio) (x £ is such that all its partial 
derivatives (of any given order) are defined and continuous at all points of E}^. The function (p : ^ C 
might therefore be termed 'smooth'. We suppose moreover that, for some given H, K,L,P,Q > 1 and some 
given 6 > 0, one has 

/l |2 I |2 I |2 I |2 I |2\ . r: 

pi \Z2\ IZs] \Z4\ \Z5\ \ \ 



ip{zi,Z2,Z3,ZA,Z5) =0 unless [j{'^^'L~'P~'Q~j^\2'^) ' ^^'^^ 



and, for j, k € (N U {0})^ and all x, y e such that Xh + iyh ioi h = 1, . . . ,5, 

5 

■(p{xi+iyi,...,X5+iy5) <i^i^kY\_i^\^h + iyh\) ^■'""^'"'^ . (6.3) 



his + fciH 1-^5 .„ r ■ _]_!. ^ 

d4' ■■■dxi'dy^' ■■■dy^' 



h=l 



Remeu-k. By (6.2) and the hypothesis of 'smoothness', the function ip lies in the Schwartz space <S(C^). 

As for the coefiicients 9p, (ph and T( in (6.1), we suppose that, for p e D — {0} and h,£ & D, these 
coefiicients satisfy 

Op, 4>h, TiGC, \ep\ < 1 and \^h\ < 1 ; (6.4) 



P H L 

L/p - unless — < \p\^ < P ; (f>h = unless — < \hf < H ; and = unless - < \ef < L . (6.5) 



Given the above hypotheses, and given that (1.3.6) and (5.9) imply the bounds 

\S{u,v]w)\<\{D/wO)*\<\0/wO\ = \w\^ {u,v eO erndw - {0}), (6.6) 

it is trivially the case that 

1^1 ^ E E E E E i^f '^''^^ '^('^' ^'^'P' «)i • 

p q h k t 

Therefore, and by (6.2)-(6.4) and the Cauchy-Schwarz inequality, we have: 

TL^PQHkIl E I^^^I') • (6-7) 

Our goal in this section (realised in Lemma 6.3) is the proof of a particular improvement of this last, 
essentially trivial, preliminary upper bound for \R\. The implicit constants in both (6.7) and the result 
(6.61) of Lemma 6.3 do of course depend on the implicit constants in the bounds of (6.3) and (6.4). 
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Remark. In some of the proofs which follow (both in this section, and subsequently) we make use of the 
bounds 

^ |m|-(2+^) <e 1 and ^ (0 ^ n G D), 

where, as usual, e denotes an arbitrary positive constant, and m and d are Gaussian integer valued variables 
of summation. Since these elementary bounds should be well known, we make no comment when using them. 



Lemma 6.1. Let H,K,L,P,Q > 1, ifi G S(C^) and d > be such that the conditions (6.2) and (6.3) are 
satisfied. Suppose that 

mayi{HK , L} < g < (HKLf/^ , H <^ K and HL<^PQ . (6.8) 

ForpeD- {0} and h,i€0, let Op, 0^, e C satisfy (6.4) and (6.5). Let U be given by (6.1 ). Let e > 0; 
and let 

Then either 

n^, (E^K-^PQ + (PQy{HKLy/^^ (HKY^\ri\''j , (6.9) 

or else: 

6'^K > 16{PQy , Q > AE'^H (6.10) 
and, for some non-zero Gaussian integers w, r, s, c, t, k, q satisfying 

< < H , c|w, t \ c , w = rs , s \ q and ^ < < Q , (6-11) 

one has 

n <e {PQfKltf \£(w, c, t, r, s; k,q)\ , (6.12) 

with 




(6.13) 



\b\^<V{sa/t) 



where (with S(u, v; w) being given by (1.3.6)) the factor (p/r)* has the meaning explained under the heading 
'Number-Theoretic Notation' in Subsection 1.5, while 
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Proof. By the trivial bound (6.7), 



V ^<\iF<L ) 

where, by (6.8), one has HK^L <Si HK^{HK)^ <C K^- Consequently, subject to the hypotheses of the 
lemma, the bound (6.9) is obtained whenever K <^ . Moreover, one has K <Si E'^ \i at least one of the 
inequalities in (6.10) is false: for if Q < AE'^H then, by (6.8), one has HK < E'^H, and so K ^ E"^; while 
if S'^K < 16{PQY then K < {PQfS-^ < {PQ)^''6-^ < E^. We may therefore suppose henceforth that the 
inequalities in (6.10) are satisfied: for otherwise we have K E^, and so (as observed above) obtain the 
bound (6.9). 

To complete this proof it will suffice to deduce (assuming the conditions in (6.10)) that either the bound 
(6.12) holds, for some w, r, s,c,t,k,q G D — {0} satisfying (6.11), or else one has (6.9). This will be achieved 
in two steps, by applying the results (5.30) and (5.29) of Lemma 5.6. 

For our first application of Lemma 5.6, we suppose that h, £,p, q Cz O — {0} arc given and take / : C — >■ C 
to be the function z h- > (p{h, z,£,p,q). Since ip G (S(C'"'), we have / G (5(C). In order that Lemma 5.6 may 
be applied it will suffice that the function / satisfies, for some A, ili > 0, and some C > 1, the case n = 1 
of conditions (5.24), (5.25) in Lemma 5.4. Taking fli = K and C = 2, the case n = 1 of (5.25) follows 
immediately from (6.2). Moreover, by (6.2) and (6.3), one has 

i{x + iy) = O,-,, ({5\x + %|)-(^+'=)) {^\x + i2/|)-(^+'=) , 

for all j, e N U {0}, and all a;, y € M such that a; + ^ 0. Since / S iS(C), we therefore have (with H\ 
defined as in (5.12), ^ e C, a; = Re(^) and y = lm{z)): 

32 a2 \i _A 



which implies that / satisfies the case n = 1 of (5.24) if one takes there A = S"^. Therefore, by the case 
d=l, B = (PQ)^+V|mP of the resuh (5.30) of Lemma 5.6, we have, for j > 2, 



J2^{h,k,£,p,q)S{hk,£;pq)= Cpq{a,h;£)J2v{h,k,£,p,q)e(RJ—)) + Oj f^^^^i^ 

II -2. |P<^4_ 

with A as in (6.14). By (6.2), the last O-term is zero unless € {PQ/A,PQ), and so may be replaced 
by Oj[S^^{PQ)^~^'^) . In the above, both ||a/(p<7)|| and the factor e{Re{ak / {pq))) are periodic, mod pqO, 
as functions of the variable a; by (5.31), so too is the factor Cpq{a,h;£). Hence, and since ||a/(pg)|| = 
\{a — pqm) / {pq)\ = \a — pqm\/\pq\ for some to S D, it may be assumed that ||a/(pg)|| = in the above 

sum. Moreover, by (6.2) and (6.14), we have ip{h,k,£,p,q) ^ only if \pq\ > 2A^^'^, and so only if no two 
distinct elements of the set -{a G D : |ap < A} are congruent to one another, mod pqD. Therefore the 
conditions of summation on the right-hand side of the above equation may be simplified to just: a G D and 
|ap < A. Hence, by taking j = [2/e] + 1, we obtain 

Y,^{h,k,£,p,q)S{hk,£;pq)= ^ Cpg{a,h;£)Y,^{h,k,£,p,q)e(Re(—)) + (r^) , (6.15) 

k \a\^<A k ^ \P1J J 

where, by the result (5.32) of Lemma 5.7, one has Cpq{a,h;£) = unless {a,pq) ~ {h,pq). Consequently, 
given (6.2) and the second inequality in (6.10), one has Cpq{a, h; £)(p{h, fc, £,p, q) ^ only if 

\ia,pq)f = \{h,pq)\' < \h\' <H<J^<|<^< \pq\^ , 
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and so only if a ^ mod pqD. It is therefore effectively an implicit condition of the summation over a in 
(6.15) that a 7^ 0. 

By (6.15) and the observations subsequent to it, and by (6.2), (6.3) (for j = k = 0), (6.4), (6.5) and the 
Cauchy-Schwarz inequality, we deduce that 

7e = 7e' + oJ(5-2(PQ)^i^^^|0,T,0p| ^ l) = 
V hep f <|,p<Q ^ 

= n' + oJs-^p-' E E E \re\\=n' + oJs-^HL'/^(Y.\^e\'y\ 



^<\h\'^<H ^<|pP<P ■5^<|€|2<L 

where 



^' = E^fl^'l"'El«l"'E^^E'^'' E Cp,(a,/i;£)^^(ft,A:,£,p,g)e(Re(-)y (6. 



16) 



PT^O 97^0 e h 0<\a\^<A 

{a,pq)'^(h,pq) 



Moreover, by (6.10) wc have S-'^HL^/'^ < HKL^/"^ = {HKLf/'^{HKf/'^ < {PQY{HKLf/'^{HKf/'^ in 
the above; so it follows that either 

\R\ < 2|7^'| , (6.17) 

or else the bomid (6.9) holds. In the latter case we have nothing more to prove: we may therefore assume 
henceforth that the inequality (6.17) is satisfied. 

In the sum on the right-hand side of the equation (6.16) one has {a,pq) ~ {h,pq) ^ c (say), with 
c e £) — {0} dependent upon p, q and h. After grouping together summands in (6.16) corresponding to the 
same 'c', we may apply the result (5.33)-(5.34) of Lemma 5.7, so as to obtain: 

^' = l^EE/^o(^)|tr7e'(c,t), (6.18) 

c^O t\c 

with 

7^'(c,o = EE«-^Et^^ E E ^(i^«(^^7^))E^('^'^'^'^''?)^(i^^(^) 

c\(pq) t\e (Kpq)r^c '^i'^- 

= E E E'^'^E^^EE^>^|-V(/^'^.^.^'^)e(R^(^ + ^^{^))' (6-19) 

c\a ^1'^ (P9,fc)-c 

where, by the definition of {a/t)* mod {pq/c)0, it is an implicit condition of summation that {pq/c, a/t) ~ 1. 

The final step in this proof is essentially Poisson summation with respect to the variable q (by which 
the innermost sum in (6.19) is indexed). As things stand, in (6.19), the explicit condition {pq,h) ~ c is 
an obstacle to the efficient implementation of Poisson summation with respect to q. Our (quite standard) 
solution for this difficulty is to note that, by (5.6), the restriction of summation to pairs p,q satisfying 
{pq, h) ^ CIS identical in eff'ect to the multiplication of all terms by the supplementary 'weight' factor: 

1 y Mo(d) = r ^^^p^''')^'' 

4 ^ L otherwise. 

{cd)\(pq,h) 

This enables us to deduce from (6.19) that, for 7^ c e D and t \ c, one has 

k 0<|a|^<A h e pjto qjtO ^'"^^ ^ ^-^"^ d ^ 

c|a" <'\h *K M)|(p9,/t) 

- t^o{d)n"{c,t,d) , (6.20) 



4 

d^O 
(d,c/t)'-l 
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where 

n"{c,t,d) = Y: E E ^'^ET^^EE^>«rM/^'^'^'^'''^)^(i^^(S + 777^)) (6-21) 

(in which it is implicit that {d,a/t) ~ 1, so that one has both {d,a/c) ~ 1 and {d,c/t) ~ 1). 

Subject to the expUcit conditions of summation in (6.21), the congruence {a/t){a/t)* = 1 mod {pq/c)D 
impUes {a/t){a/t)* = 1 mod {pq/{cd))0, so that one has 

V \.ct(pq/c))) V \edt (ji<l/cd))j ^ ' 

when the left-hand side of this equation is defined (i.e. when {a/t,pq/c) ^ 1). Moreover, given that one 
assumes t \ c, {c/t, d) ~ 1 and (a, cd) ~ c, the equation (6.22) is effectively an identity: for, if the right-hand 
side of (6.22) is defined, then {a/t,pq/{cd)) ^ 1 and, by assumption, {a/t,d) {{a/c){c/t),d) ^ 1, so that 
one has {a/t,pq/c) ^ 1, which is sufficient to ensure that both sides of (6.22) are defined and equal. Therefore 
it follows by (6.18), (6.20)-(6.22) and the definition (5.4) and property (5.5) of the Mobius function fio that 



^' = ^EE^^(Dl*l' E Md)Tl"{c,t,d) = 

c^O t\c djiO 

(d,c/t)^l 

= ^EEE^^ (?) \t?T^"{c,t,d) = ^ EEEmo (f ) \t?n*{v.,c,t) , (6.23) 



64 ^ V t / ' ' V ' ' . g4 

di^Oci^O t\c ^ ' t«7^0 c|u) t\c 



where 

'R*{w,c,t) =n"{c,t,w/c) = 



E E E^'^E^^EE^.H-V(/^,fc,AP,.)e(;Re(^ + ^^^^^ 



Now, in the last sum over p, we group together terms according to the highest common factor {p, w) . When 
(p, w) r (say), one has w \ (pq) if and only if {w/r) | q. Therefore, by this grouping of terms, we find that 

Tl^w,c,t) = \ E T^*{w,c,t,r,s) , (6.24) 



4 

r,seO 
rs=w 



where 



Tl%w,c,t,r,s)=Y: E E'/"'E^^E£fX 



ak ^ {h/,r){(/i:){a/tr^ ^ 



s\q 



pq ip/r){q/s) 



By (6.2) and (6.25) one has TZ* {w,c,t,r, s) = unless K/2 < \k\'^ < K. Moreover, since w | ft is a 
condition of summation on the right-hand side of (6.25), it is implied by the constraints in (6.5) on the 
coefficients (jjh {h G D — {0}) that one has TZ*{'w,c,t,r,s) = whenever \iu\'^ > H. Therefore, and since 

0<\w\^<H c\w t\c ^Jif^ 0<|feP<if ' ' ' ' 0<\w\'^<H ^ d\w ^ Ml/ 

«e E ^^E^«^^^^' 
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it follows from (6.23)-(6.25), (6.2) and (6.5) that, for some w,r,s,c,t,k e £) — {0} satisfying 
K 



2 < \k\^ <K, < \w\'^ <H, c\w, t\c and rs = w , (6.26) 

n' H'K\t\'^\V{w,c,t,r,s;k)\ , (6.27) 

V{w,c,t,r,s;k)= ^ ^ ^ T, ^ ^plp/rj-^ ^^(/i, a/t) , (6.28) 

0<\a\^<A h £ p^O 

(a,«,)~c '1^ (p,«;)-r 

where Z//(ft., i,p;a/t) = U{h, £,p; a/t;w,t,r, s, k) is given by 



one has: 
with 



U{h, 



£,p;a/t) = }_^\q/s\ >f{h, k, i,p,q) oi^Rci^— + ^p/r){q/s) jj' ^^'^^^ 



In the last summation it is impHcit that one sums only over q & D such that {{p/r){q/s), a/t) ~ 1 (the 
sum is therefore void unless {p/r, a/t) ~ 1). When this condition is satisfied one can find (by the Euclidean 
algorithm for Z[i]) Gaussian integers {{p/r){q/s))* and {a/t)* such that 

{p/r){q/s)iip/r)iq/s))* + {a/t){a/t)* = 1 . (6.30) 

One then has, by (6.30), 

{a/t)* 1 {{p/r){q/s))* ^ 



{p/r){q/s) {p/r){q/s){a/t) {a/t) ' 

where the use of '*' accords with the convention set down in Subsection 1.5, under the heading 'Number- 
Theoretic Notation': it (for example) being implied (6.30) that {a/t){a/t)* = 1 mod {p/r){q/s)D. More- 
over, since one has {{p/r){q/s),a/t) ~ 1 if and only if {p/r,a/t) ~ 1 and {q/s,a/t) ~ 1, and since the 
relations {p/r){p/r)* = 1 mod (a/i)D and (q/s){q/s)* = 1 mod (a/i)D imply {p/r){q/s){p/r)* {q/s)* = 
1 mod {a/t)D, one will have {{p/r){q/s))* = {p/r)* {q/s)* mod {a/t)D whenever either one of the residue 
classes {{p/r){q/s))* mod {a/t)0, {p/r)* {q/ s)* mod {a/t)D is defined. Hence, and by (6.26), (6.29) and 
(6.31), we find that, for h,£,p,a satisfying the conditions of summation in (6.28), one has: 



U{h, e, p; a/t) = ^ E (^W"") ^ ' ^^'^^^ 

s\q 



m = m{h,e,p;a/t) € O, m= -{h/w){i/t){p/r)* mod {a/t)0 , (6.33) 



where 
while, for 2: e C, 

f{z) = fh,i,pAz) = I Q\z\-^^{h,k,e,p,z)e{Re{pz-^)) otherwise, ^^-^^^ 

with 

y = u{h4,p;a t)= — -\ , (6.35) 

p ap 

so that if (f)hTe9p ^ then, by (6.5), (6.8) and the first part of (6.14), 

« ^ + ^ « + Q< {PQf {5-- + 1) g . (6.36) 



63 



Since '-p e iS(C'''), and since (by (6.2)) ip{h,k,i,p,z) = for l^]^ < Q/2, the definition (6.34) ensures 
tiiat we iiave / S iS(C). Taking now 



A= (PQ)-^ (1 + ^"')" 



0.1 = Q , and C = 2 



(6.37) 



we seek to veriiy that A, ili, C and / satisfy the case n = 1 of the conditions (5.24), (5.25) of Lemma 5.4. 
This will enable us to obtain, by means of Lemma 5.6, an alternative expression for the sum over q in (6.32). 

The verification that (5.25) is satisfied requires no work, since the condition (6.2) immediately implies 
the case n = 1 of (5.25) (when / is as in (6.34), and fii, C as in (6.37)). 

Our verification of (5.24) (for n = 1) begins with the observation that, by (6.34), 



f{z) = (p{h,k,e,p,z) 



exp 

z \ z 



exp 



TTll/ 
Z 



for z e 



Hence, and by (5.18)-(5.19), (5.21) and Leibniz's rule for the higher order derivatives of a product, a short 
calculation suffices to show that, for j e N U {0} and z gC*, one has: 



£i/(z) = (-4)^XE 

A=0 n=0 



01/2 



exp 



Z 



^z^-^' dz^-^ 



(p{h,k,i,p,z) — 



9^ 



(6.38) 



dz^ z 



exp 



z 



where, by (5.19) and (6.2)-(6.3), 

-g^-^=j^v{h,k,e,p,z)<^j{S\z\)^+''-^' for z e C* and /z, A e {0, 1, . . . , j}. (6.39) 

In considering the other derivatives in (6.38), we may note that ii u ^0, then 



dzt' 



exp 



mi' 
z 



ill e NU{0}, z e C*), 



where 



g{T) ^ T-^ exp {t-^) (tGC*). 
By induction it may be established that, for each € N U {0}, one has 



J2 a(M,«)T-Mexp(r-i) 

K=l+H ' 



(reC*), 



where the coefficients a(/^, k) are certain integer valued constants. Hence, for e N U {0} and z e C*, one 
obtains: 



dz^ z 



exp 



Z 





V 


1+M 








( 




+ 




1+2m^ 






z 




z 







exp 



One obtains the same bound (more easily) when v = Q. Similarly, one has 
gV2 



dz^ 







( 'niv\ 




r 




z 







for AeNU{0} and z e C*. 



64 



Since 

exp ^^^^^ exp ^^^^^ = exp ^27rjRe ^— ^ j 
it follows by the last two upper bounds, and by (6.38) and (6.39), that 

A=0 /i=0 

' ' ^ A=0 ^ 



1, 



2j 



Since we have already verified that the function / satisfies the case n = 1 of (5.25), with D,i and C as in 
(6.37), it may therefore be assumed in the above that Q/2 < \z\^ < 2Q (for it is otherwise trivially the case 
that C{f{z) = 0). Hence, and by (6.36), we obtain (for j e N U {0} and ^ e C*): 



«, \z\-''{{6-' + l)'{PQry = {A\zf)-' , 



with A as in (6.37). 

Since the above completes the verification of (5.24), and since (5.25) has also been verified, we may now 
apply Lemma 5.6, with / e ^(C) given by (6.34), and A,fli,C as in (6.37). By the case d= s, B = {PQY 
of the result (5.29) of Lemma 5.6, it follows that, for m ai= a/t — {0} and j > 1, we have 



^/(g)e Re 



a\q 



■m{q/s)* 
ai 



ml 



^ 5(-m,6;«i)^/(<?)e(Re(A|^^ 



b mod aiO 
I h l|2 
I ai II — 



Q 
s\q 



+ 



Oj{\a^f{l + 6-^){PQ)-^'), 



where (given (6.37)) V{z) = {PQY \z\'^ / {Afti) = {E'^/Q)\z\'^, with E = (PQ)^(l + 6''^) (as stated in the 
lemma), so that V{z) is the function defined in (6.14). Hence, and by (6.32)-(6.35), we have, in (6.28), 



U{h,£,p;a/t) = Oj{{PQ)-^'V{sa/t)) + 

^ S{{h/w)m{p/rr,b;a/t)x 



(6.40) 



+ 



b mod {a/t)0 



s\q 



{q/s)b 
{a/t) 



for j > 3. Moreover, by the second inequality in (6.10), we have, as recorded in (6.14), V{z) < \z\'^/AH; 
given the conditions (6.26) which the Gaussian integers r, s and w satisfy, it therefore follows that 



^ ' AH - AH - A 



(6.41) 



and so (by reasoning similar to that which justified the simple condition '|a|^ < A' in (6.15)) wc are able to 
simphfy the conditions for summation over 6, in (6.40), to just: 6 G D and \b\'^ < y(s)|a/tp = V{sa/t). 

Amongst the terms of the sum over b in (6.40), the term in the case 6 = is special: for by the result 
(5.35) of Lemma 5.7 one has 



\S{{h/w)m{p/rr,0;a/t)\ < \{{h/w)m{p/rr ,a/t)\^ = \{{h/w)m,a/t)\ 



(6.42) 
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(the ^-notation implying, in this context, {p/r){p/r)* = 1 mod {a/t)D, so that (p/r)* and a/t are coprime). 

For b the best available estimate for the Kloosterman sum S{—m,b;a/t) is [3, Theorem 10], which 
shows that one has 

\S{-m,b;a/t)\ < 2'^(«/*)+7/2|( 

—TO, 6, a/t)a/t\ , 

where uj{n) denotes the number of prime ideals of D containing n; we do not use this upper bound, since (as 
our result in the final lemma of this section shows) there is an advantage to be gained in doing otherwise: 
we shall, in effect, exploit cancellations between different Kloosterman sums. 
In conjunction with (6.42) we shall use the bound 

which is implied by the hypotheses (6.2), (6.3). 

By (6.41), (6.26), (6.10) and the definitions of A and V{z), in (6.14), it follows that if j = [2/e] + 1 
(where by hypothesis, £ > 0) then 

{PQ)-'^V{sa/t) < {PQ)-^\a/tfV{s) < {16A)-^\af/4 < 2-^°\a\-^ < \a/t\-^ for ^ a e D. 

By this, together with (6.40), (6.42), (6.43), the observation following (6.41), and the equation (6.28), we 
obtain: 

'D{w,c,t,r,s;k) = 'Do{w,c,t,r,s;k) + 'Di{w,c,t,r,s;k) , 

where 

Vo{w,c,t,r,s;k)= ^ ^^.^T, ^ ^.b/r|-^ o/ ' ^^^^"jf/J' "^^^ H (6.44) 

(o,i«)-c (p,«;)-r 

and 

Vi{w,c,t,r,s;k) = ^ \q/s\~'^S{w,c,t,r,s;k,q) , 

s\q 

with £{w, c, t, r, s; k, q) as given by (6.13). 

By the result just obtained, we either have 

X>(w, c, t, r, s; k) <C \'Do{w, c, t, r, s;k)\ , 

or else have 

< \'D{'w,c,t,r,s]k)\ -C \'Di{w,c,t,r, s;k)\ . 

In the latter case it follows by (6.13), (6.2) and the rightmost bound in (6.43) that, for some q G sD — {Q} 

satisfying Q/2 < \q\'^ < Q, one will have the upper bound 'D{w, c,t,r, s; k) ^ \£{'w,c,t,r,s;k,q)\, which, by 
(6.17), (6.26)-(6.27) and (6.8), implies the result (6.11)-(6.13) of the lemma. 

In the former case, where 'D(w,c,t,r,s;k) <C \'Do{w,c,t,r, s;k)\, one obtains the bound (6.9): for, by 
(6.44), (6.26), (6.4), (6.5), (6.8), (6.14) and the Cauchy-Schwarz inequality. 
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Vo{w,c,t,r,s;k)<^e ^ \a/t\-^ J2 J2 l^^l 

<\h\^<H ^<\if 
w\h t\i 



c\a z i 



h e a'^ ^ 

w t ' t 



< 



^ E E iT^^i E i«/^r^|(^^>3 

#<|?ip<H ^<\ff<L 0<\a\^<A 

w\h t\£ ' 

^ E E i^^iEH^ E i«ir' 

'"I'l *K d\ai 

= E E i^^iE E i«^r' = 

t\l 



2 

< 



/ \l/2 

j: |t,| o.(|m|^/^ iog(^ + 1)) «. [pgy/^ i ^ E n^^H 



and so, when T>{w,c,t,r,s;k) <C |X'o(m', c, r, s; fc)|, it follows by (6.17), (6.26)-(6.27) and (6.8), that 

,1/2 



H^{PQY'^\t\\w\-^KHL'''^\Y,\'^ 



< 

1/2 / n1/2 



This completes the proof of the lemma ■ 

Lemma 6.2. Let Ax, Hi, L^, Pi > 0; and let 9^ ci e D. For h,l & O, a & ciO - {0} and b,p G D - {0}, 
let B^, V'('^j ^) and 9(a;p) be complex numbers such that 

H L P 

^h = unless < \h\^ < Hi , Be = Q unless < < Li , Q{a;p) = unless y < \p\^ < Pi , (6.45) 

< 1 , < lap^ , ipia; 6) <C 1 and e(a;p) < 1 . (6.46) 

Let A,s > 0; let < p < 1/4; and Jet / € 5(C'^) . Suppose moreover that 



/ {zi, z„ zs) = unless . ^ . ^ J ^ 1 j > (6-47) 

and tliat 

£f £r£?/(z) «j n (a|^™|')""" (z e (C*)^ j e (NU {0})3;, (6.48) 

fe=l 

wiiere is tJie linear operator on 5(0*^) defined in the equation (5.12), in Lemma 5.2. Put 

E ^aJ2'fhJ2B,Y,^ia;p)f{h,e,p) ^{a;h)S{Mp*,h;a) , (6.49) 

0<|o| = <Ai h I p 0<|6P<p|aP 

ci\a 
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where S{u, 2):jv) is given by (1.3.6), and where the superscript notation '* ' has the meaning explained in 
Subsection 1.5, under 'Number-Theoretic Notation' (it therefore being an implicit condition of the summation 
on the right-hand side of the equation (6.49) that {p,a) ~ Ij. Then 

(2\ 1/2 / X 1/2 

j (l + pPi)^/M|ci|-%A?Mi^|i3,|M , (6.50) 

where the implicit constant is determined by those in (6.46) and (6.48), and by the positive constant s. 

Proof. We may suppose that Ai, Hi, Li, Pi > 1: for it is otherwise trivially implied by (6.47) and (6.49) 
that £* ~ 0. Since / e 5(C'^), it follows by (6.49) and Fourier's inversion formula (the case n = 3 of 
Lemma 5.1, Equation (5.11)) that we have 



£*= / / /(w)£(w) d+wi d+W2 d+W3 , (6.51) 
Jc Jc Jc 

where /(w) is the Fourier transform of / defined in (5.2)-(5.3), while, for w G C^, 

^(w)= Yl ^aY.^he(Re{hwi))J2Bie{Re{ew2)) X (6.52) 

0<|ap<Ai h I 
ci|o 

X 9(a;p) e(Re(pw3)) ^ ip{a;b)S {Mp* ,b;a) . 

P 0<|5|2<p|a|2 

Let = (Hi, Li, Pi) e (0, oo)3 and C = 2. Then it follows by (6.47) and (6.48) that A, CI, C and / satisfy 
the case n = 3 of the conditions (5.24) and (5.25) of Lemma 5.4. That lemma therefore applies, giving: 

3 o 

/(w) < TT for w e C3 

{i + Ank\wk\') 



(this being the case j = 2 of the result (5.26)). By this bound for /(w), one has: 

/ / / |/(w)| d+wid+wzd+wg < TT / — -^d+Wk=(- 

JcJcJc fc^iic (1 + AOfe|wfe| ) 

Therefore, given (6.51), it must be the case that 

< A-3|f(w)| for some w e C^. (6.53) 

Let w e C^. Then, by (6.52), 

£M= E iaJ2rmJ2d(a;p) ^ i;(a;b)S (mp* ,b;a) , (6.54) 

0<\af<Ai m p 0<|6P<p|oP 
ci\a 

where, for m,a,p & D — {0}, 

Tm = E ^hBee^Re^hwi + £102)) and 'd(a;p) = Q{a;p)e(Re[pws)) . (6.55) 

hi=m 

In the above it is implicit in the ^-notation that (p, a) ~ 1 and p*p = pp* = 1 mod aD, so that by (1.3.6) 
one has S(mp*, b; a) = S(mp* ,bp*p; a). Moreover, when a G O and (p, a) ^ 1, one has p*d* = (pd)* mod aO 
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for all d G D such that (d, a) ^ 1; and if one restricts d here; to lie; in some complcitc; scit of reduced residues 
mod aD then the mapping d mod aD i-^ pd mod aD is a permutation of the multiplicative group (D/aD)*. 
It is therefore an immediate consequence of the definition (1.3.6) of the 'simple Kloosterman sum' that 
S{mp* , bp*p; a) — S{m, bp*; a), so that in (6.54) one has S{mp* , b; a) = S{m, bp*: a). Hence, by applying the 
definition (1.3.6), for u = m, v = bp* mod aD and w = a, we are able to rewrite (6.54) as: 



E E Tr-)uia;d), 



where 



0<|ap<Ai dmodaO 
ci\a 

T{z) = ^Tme{Re{mz)) 



{z€C) 



(6.56) 



and 



U{a;d)=^a^Ha;p) J2 Ha;b)e[Re 

P 0<|b|2<p|a|2 



bp*d 



(aeD-{0}, rfeO). 



By the Cauchy-Schwarz inequality, we dcdiicc from the result just obtained that 



\s{w)\ < xy 



where 



and 



^= E E 

0<|o|^<yli d mod o£) 
ci|a (d.a)-! 



E E 

0<|aP<^i d-modaO 
ci|a (d,a)r^-i- 



> 



^= E E |c^(a;d)l'>o. 



0<|ap<Ai d mod aO 



ci\a 



{d,a)^l 



(6.57) 



(6.58) 



By (6.55) and the hypothesis (6.45), we have = unless < |mp < HxLi. Hence, given (6.56), the 
application of Lemma 5.9 (a special analytic large sieve for Z[i]), yields the bound 



A. 



El 



(6.59) 



The structure of the sum in (6.57) prevents us from obtaining a bound analogous to (6.59) for y. We 
fall back on the observation that one has (trivially) the upper bound 

E E \uw^d)\\ 

0<|a|^<Ai d mod aO 

ci\a 

which, by (6.57) and the orthogonality relations (5.8), implies: 



y< E E 



0<|ar<Ai 
ci|o 



d mod aD 



^^a;p) Yl V'(a;6)e(Re(^) 

T) n^lH2^„i„i2 V V ^ / 



0<\b\^<p\a\ 



= E ianeai'EE^(«;fi)^(«;p2) E E 



ci\a 



biPi=b2P2 mod aD 



E l«l'l€«l'EE EE ^(a;62)^?(a;pi)V(a;6i)i?(a;P2) 



0<|a|^<Ai 
ci\a 



PI P2 0<|6i|M62p</'|ap 
(piP2,a)-l biP2=b2Pi mod aO 



(6.60) 
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By (6.55), (6.45), (6.46) and the Cauchy-Schwarz inequality, we have 

2 

< 



m 0<\m\^<HiLi\ e\m I 

^ E fEio(i)i^)fEi^^i^)«^ 

0<|m|2<_f/iLi \ £|m / \l\m / 

«,(ifiii)^Ei^^i' E i = (i?iii)^Ei^^i'^^(^) = (^i^irEi^^i'o(^i) 



(■ 0<|mp<i/iLi 

and, given that < p < 1/4, 



EE E E V'(a;&2) Pi) V'(a;&i) i^(a;j52) = 

E E (eH(^H 



. 0<lbll^lfc2l'<plal2 
(piP2,a)~l 6ip2=62pi mod aO 



n2=ni mod aO 

^ 5: Oe((Pi|a|2)^) «. 

0<|ni|2<p|a|2Pi keO 



«.{PMr( E l)f E l]={Pi\a\rO{p\a\'Pi){l + 0{pP,)). 

\0<|niP<p|opPi / \|fe|2<4pPi / 



It therefore follows by (6.59), (6.60) and (6.46) that 



and 



0<|ar<Ai 
ci\a 

By these bounds for X,y & [0, 00), and by (6.53) and (6.58), it follows that 

£* < A-3a'1/23;i/2 



and so (given that H.\L\P\A\ > 1) the result (6.50) is obtained ■ 
Lemma 6.3. Let the hypotheses of Lemma 6.1 be satisfied. Then 

■R^,E''(^{HKLy/^ + {P/K)Q + {P/Kf/\QHKy/^^(HKJ2\^en ■ (6-61) 
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Proof. By Lemma 6.1, it may be supposed that the inequahties in (6.10) hold, and that, for certain non- 
zero Gaussian integers w, c, t, r, s, k, q satisfying the conditions in (6.11), one has the upper bound (6.12), with 
£{w, c, t, r, s; k, q) as defined in (6.13)-(6.14): for otherwise one obtains the result in (6.61) as a consequence 
of the stronger bound (6.9) that Lemma 6.1 implies. Let £i = £{w,c,t,r,s;k,q). Then, by (6.11), (6.13) 
and (6.14), 



^1 = 51 7-T2 '^"''^i "^i^i ^rpi bi| ^ c(rc( ) ) X 

(ai,ii;i)".'Ci (PliS)~l 



(6.62) 



0<|6P<p|aiP 



where 

with 
while 



wi, ci, qi G O — {0} , wi = w/t , c\ = c/t , and qi = q/s , (6.63) 
Ai = \t\-^A and p = E'^Q^^ , (6.64) 

A = {PQ)^+'5-^K-^ <PQ , E = {l + 6-'^){PQy and Qi = \s\-'^Q , (6.65) 

f{z) — (p{wzi,k,tz2,rz3,q) for z e C^. (6.66) 

Given that we have (6.12), the completion of this proof requires only a sufficiently strong upper bound for 
\£i \ = \£{'W,c,t,r,s;k,q)\. We show next that such a bound may be deduced from Lemma 6.2. 

Let wi,ci,qi G D - {0}, Ai,p,A,E,Qi > and / : C be as stated in (6.63)-(6.66). Then, by 

(6.66) and (6.2), the condition (6.47) in Lemma 6.2 is satisfied by / when one has there: 

Hi = \w\-^H , Li = \t\-^L and Pi = Irp^P . (6.67) 

Since € <S(C^) , and since one has, for m = 1, 2, 3, 

d d d , d d . d 
+ - — = 7- — and 7- — = —t- 



dZm dZyn OXm dZm ^Vm 

(with Xm — R-e(zm), Urn — Ini(zm) and d/dz„i, d/dz^ the linear operators defined in (5.19)), it follows 
by (6.66) and the pair of equations from which (5.20) is deduced that / lies in the Schwartz space iS(C''). 
Moreover, by (6.66), (5.20), (5.12) and (6.3) (and since £„, as defined in (5.12), is a linear operator on 
5(C")), one has 

(£j^4'4V)(z) = H""'' \t\^'M'''' {wzi, k,tz2, rz3, q) 

= \w\^^-\t\^i^\r\^^- Oj ({5\wzi\)-^''{5\tz2\)-^'\5\rz:,\)-^'') 

for j e (N U {0})^, z e (C*)^; and so / satisfies the condition (6.48) of Lemma 6.2 when one has there 

A = 5^ . (6.68) 

Given the conclusions reached in the last paragraph, it is only the factor e(Re(/iifi/aipi(j'i)) , occurring 
in the sum on the right-hand side of the equation (6.62), that prevents us from bounding £1 by the direct 
application of Lemma 6.2. This factor is, however, an essentially trivial obstacle to the application of 
Lemma 6.2. For, by (6.2), (6.8), (6.11) and (6.63)-(6.67), the summation on the right-hand side of the 
equation (6.62) is effectively constrained to points {ai,h\,ii,p\,h) e (£) — {0})^ such that 



|2 



^iPiQi 



hiii 



a-ipiqi 



HiL-i 4HL 4:HL 

< 5 — = ^ < -=— < 1 , 6.69 

\aif{Pi/2){Qi/2) \tai\^PQ - PQ ' 
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and so the factor c(Rc(/ti£i/oipi(7i)) may be very well approximated by a partial sum of just 0(1) terms 
from the product of Taylor series: 



\aipiqi)) \ aipiQi) \ aipiqi J {m\){n\) \aipiqi J \ aipiqi J 



By employing this last expansion of the offending factor in (6.62), and then making the trivial substitutions 
ai = a, hi = h, (.\ = t and pi = p, one obtains an absolutely convergent sum over a G D — {0}, h,i G D, 
p G D — {0}, m, n e N U {0} and b G D — {0} (in that order). Any change in the order of summation can be 
justified, so that one has, in particular, 

°« ^ /-„,■^m+n , / AH T \('"+")/2 

m— n— ^ ^ ^ \ ^ / 

with 

0<|op<Ai h t p 0<|b|2<p|ap 

ci\a 

where, for /i,^ e D, p,6 e £> - {0}, a e ci£) - {0}, 

(Pi/2)(™+"+2)/2 / / ka \ 



V'm,n(a;&) = e( Re( ^ ) ) , <C>ni,n{a\P) = < 



iZfZ^^^e Re^^ ^.j, if(p,s)~l, ^ ^ 
pm+l(p)n+l \^ \wiqipJJ ' (6.70) 

otherwise, 



_ ^'"(Z)"T,, _ /i"'(M"./>^,. „ 

^ ~ j-(m+n)/2 ' ^/i ~ r7-(m+n)/2 ?a 
-^1 -"l 



a|2 (agi)™ (aq'i)"' V^i ' ci / ' (6.71) 
. otherwise. 



In the above definition of £i{m,n) the summation over a,h,£,p,b is subject to the same effective 
constraint (6.69) as applied to the summation in (6.62) (the factor f{hi,£i,pi) being present in both cases). 
Since the number of points {ai,hi,£i,pi,b) € (D — {0}) satisfying the first two inequalities in (6.69) is 
finite, and since, for all such points, one has 

' ' ' ' ' — > as (m + n) — > +oo , 



^aipiQi J \aipiqi J \ HiLi 
it therefore must be the case that, for some pair m, n € N U {0}, one has: 

\£i\<T\£t{m,n)\ , (6.72) 

where 

\(m+i')/2 



^^SS(^^^^'^^^ A(A/2)'(Qi/2)j 



(with the upper bound 0(1) used here following by (6.69), since ^ t G O implies |t| > 1). 

Let m, n e N U {0} be one of the pairs for which one has (6.72)-(6.73). Then, given that m, n > 0, 
and that w, c, t, r, s, k, q are non-zero Gaussian integers satisfying the conditions in (6.11), it follows by (6.4), 
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(6.5), (6.63) and (6.65) that the conditions (6.45) and (6.46) of Lemma 6.2 are satisfied when Hi,Li,Pi 
are as in (6.67) and = = ^•r'"' -^^ = -B™'", &{a;p) = Qm,n{a;p) and ip{a;b) = ipm,n{a;b) (for 

o e ciD - {0}, hjGO, pgD- {0}, m, n e N U {0} and 6 e D - {0}), with B^'", e„,„(a;p) 

and Tpm.nii'jb) as defined in (6.70) and (6.71). Since we already verified that (with Hi,Li,Pi as in (6.67), 
and A as in (6.68)) the conditions (6.47) and (6.48) of Lemma 6.2 are satisfied by /, we may therefore apply 
Lemma 6.2 with the coefficients ^a, ^h, B(, @{a;p) and ilj{o.;b) as just indicated, and with ci, Ai and p 
given by (6.63)-(6.65), and / G 5(C^) given by (6.66). Moreover, in respect of this particular application 
of Lemma 6.2, the term £* is, by the equation (6.49), evidently equal to the term £^{m,n) that we defined 
earlier in this proof (i.e. the definitions of and £l{m,n) coincide). Consequently, by the upper bound for 
\£*\ in the result (6.50) of Lemma 6.2, one has 

(2 \ 1/2 / V 1/2 

Since w,t,r are non-zero Gaussian integers, it follows by (6.68), (6.67), (6.64), (6.65) and (6.8) that we have 
here 

(HiLiPiAif < 5-^{HLPAY < 5-^{PQf^' < {PQ)-'d'^E^ . 
Moreover, by using (in addition) (6.63), (6.11), (6.71) and (6.5), one finds that 

^li^ilcil^ ^ HL\c\^ ^ 5^K'HL\c\^ S^HK'L\c\^ ^ , , ^ E^P\s\'' 

A\ A^\w\^ (PQ)2+2e|u;|2 - p2Q2|^|2 ' ^ "^1 ^1 Q|r|2 ' 

^ PH _ {PQf'd-'^E^P^Q'^H ^ E'^P^Q^H 



and 



|2 /ir3|c|4|t|2|r|4 - /ir3|c|4|t|2|r.|4 

2 \ m-\-n 



rl-'nA^PH _ l^m^lf (19111^ 

E i^r-i' < E i^-^Y" ^ E ^ E 

Therefore the bound that we have obtained for £* (m, n) implies: 

«. (. . (. . pi) (S ,x„^) 

Since we have the bound (6.12) (in Lemma 6.1), where £{w, c, t, r, s; k, q) = £i, it follows that 

{PQyK\t\''\£i\ . 

Therefore, using (6.72), (6.73), (6.67) and the last bound obtained for £*{m,n), we deduce that 
{PQyK\t\^p-y\^\£t{m,n)\ <e 

\ 1/2 

«. s-^E^ ( 1 + - — r'-' ) ( 1 ^ ) ( E 



, ^2 gl/2j^^l/2|^| X / pl/2|,| X pQff 1/2|^ | 

Moreover, given (6.65), and the conditions (6.11) satisfied by w, c, t, r and s, one has 



PQ|w| y V Q^'MJ \c? ~ \ PQ\w\ J V Q^/^ / |c| 

2 ^'P^/'|w| H^I^KL^'^ H^^KL^^ 

- + Ql/2 + PQ + P1/2Q3/2 ^ 

^2pl/2^1/2 ^1/2^^^1/2 fHK\ [LV'^ 
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where, by (6.8), one has HK/Q = 0(1) and L/Q = 0{1). Consequently we may deduce that 

.«.."(:.i^.~^!)^^(i:,x,r)'^ 

Since PQH^/^/K^/^ = {PQ/ K){HKf''^ , while 

(-^.^qr)f=fKf)"(«™)-.<-)-. 

the result (6.61) therefore follows ■ 



§7. Switching to Levels of Greater Modulus 

Lemma 7.3 below shows that the mean value St{Q,X,N) is, in a certain sense, 'approximately' a 
monotonic non-decreasing function of the level related parameter Q. This result (the inequality (7.31) 
below) has an important application in the next section, where it enables us to work around the lower bound 
condition Q » HK in (6.8); that condition would otherwise adversely limit our use of Lemma 6.3. 

We prove Lemma 7.3 by deducing it (via elementary arguments) from the simpler bound given by 
Lemma 7.2. For the proof of Lemma 7.2 we need the results of Lemma 7.1, below. 

Lemma 7.1. Let q G O and r G qO; let T = To{q) < SL{2,0) and f = ro(r) < SL{2,D); let V 
and V" he amongst the cuspidal subspaces V occurring as factors in the decomposition (1.1.3) of "i^(r\G); 
and let Jqq and Jq q be (as in (1.1.6)) generators of the corresponding spaces q o ^""^ ^koo' normalised 
so as to satisfy (1.1.9). Suppose, moreover, that pv = Pv = and vv" = i^v = (sayj. Then F > F, 
[F : f ] < oo, and f^^, fX'o e L'^{T\G) n ^^(f \G; 0. 0) (where the latter space is that given by the case F = f 
of (1.1.20)); the functions Jqq and Jqq are bounded and continuous on G, and one has 



fo,o\\r\G ~ • ^] ll-^o^o||r\G ^'^■^^ 



and 



(r) 



V l|/o%llf\G ' /r\G\ ■ /r\G io otherwise, 



E 



|2 



wfiere the meaning of the bracketed ' f ' is that the summation is restricted to irreducible cuspidal subspaces 
W of °_L^(r\G') (with the equations (1.1.6) and (1.1.9), as they apply when F = F, determining to within a 
constant factor of unit modulus the T-automorphic function /qq : G ^ C). 

Proof. Let q, r, F, f, V', V", v, /J^g and f^Q satisfy the hypotheses of the lemma. Then, since r e qO, 
the congruence c = mod rO implies c = mod qO. Therefore, it is a trivial corollary of the definition 
of Fo(g) given in Subsection 1.1 that we have here F < F. It follows that the F-automorphic functions 
/o^O' foo : G — )• C are a fortiori also F-automorphic. Furthermore, since any set of right-coset representatives 
7i , 72, . . . , 1[SL{2 D) f] ^ '^'^(2, 0) for the quotient r\S'i(2, £)) is a union of [F : F] sets of coset representatives 
for T\SL(2,0), one has 

/ f(g)Ag = [F : f] / f(g)Ag , (7.3) 
Jt\g Jr\G 

for any measurable F-automorphic function f : G ^ C such that the latter integral exists; by the pairwise 
orthogonality of the irreducible cuspidal subspaces V C °L^(r\G) C L-^(r\G) occurring as factors in the 
decomposition (1.1.3), one has, in particular: 
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which contains the result (7.1). 

Since f < T < SL{2,£i), and since one has (see (7.39) below) [SL{2,D) : f] = [31(2,0) ; Ta{r)] < oo, 
the index [r : f] is certainly finite. We have, moreover, f^^ ^ V^,o,o C C '^L^{T\G) c L^iT\G) (by 
(1.1.2), (1.1.3), (1.1.5) and (1.1.6)), so it follows from what has so far been established that f^^ e L'^{t\G); 
by the observations between (1.1.5) and (1.1.6), we have also ^kJo^q — ^ and {d/dip)/^^^ = 0, and so may 
deduce that f^^ lies in the space L'^{t\G;0,0) defined by (1.1.20). 

Turning now to the proof of (7.3) we seek to apply the Parseval identity [22, Theorem A], taking there 
i' = <7 = 0, r = r and /i = /q'o; h = /oo • ^^^^ '^^^^ ^hc hypotheses of [22, Theorem A] require only that 
/i and /2 lie in the space L^(r\G;0, 0) and are both bounded and smooth (possessing continuous partial 
derivatives of all orders, with respect to x, y, r, 0, (p, ip, where {x + iy, r, 0, (p, i/j) are the Iwasawa coordinates 
for G described in Subsection 1.1). This need only be verified for /i = /qq, since similar conclusions will 
apply to /2 = f^Q (given the symmetry in our hypotheses concerning f^Q and /qq ). 

For the smoothness property see, for example, [22, Relation (1.7.10), Definitions (1.2.2), (1.4.5)-(1.4.7)] 
(and the accompanying justification). Were T = To{r) a cocompact subgroup of G, the smoothness would 
imply the boundedncss; since, however, the fundamental domain J^f^p C G is non-compact, we need the 

growth condition (1.1.10) in order to prove the boundedness of /qq. A short calculation shows that, for each 
7/c G SL{2, D) featuring in the description of J-'t\g in Subsection 1.1, there exists a. 6 = S{'-fk) > such that 
if c = c(7fc) is the cusp 7feOO then one has 

g-^-fkNa[r]K C Na[Sr]K (r > 0). (7.5) 

Given that the fundamental domain ^f^g is similar in description to J'r\G^ it therefore follows (since we 
have [SL{2,D) : f ] < oo and r^/^e"'''' < {2ne)-^^^, for r > ) that the application of (1.1.10) for a finite 
number of cusps c sufiices to show that /q q is bounded on a set J^f^Q C Tf^Q such that J^f^g — ^f^Q is 

compact. By the smoothness of f^Q, the function f^Q is also bounded on the latter (compact) set, and 
so is bounded on the set J^f^Q U {J^f\G — -^f^g) = -^f\G • Therefore, with f^^ being F-automorphic, and 

•^f\G C G a fimdamcntal domain for the action of F on G, we may conclude that /(]^(, is boimdcd on G. 

By the above wc have verified that the case r = T,i = q = Oof [22, Theorem A] may be applied 
with /i = /q^q, /2 = /(j^o • note that the transform 'Tyt/J^ ,j(i/y,py)' which appears on the right-hand side 
of [22, Equation (1.8.7)] is that function (or 'generator') which we refer to in (1.1.6) and (1.1.8)-(1.1.10) 
as '//q'. In the case that concerns us, that theorem shows firstly that, for all cusps c of F, the fimction 

t !->■ {fo^o, EQ Q{it, 0))p^g. (with EQ Q{it, 0) given, for all real t, by the case case F = F of the definition (1.1.12)) 
is in the space L2(-oo,oo); secondly it shows (given (1.1.6), (1.1.9) and [22, (1.7.8), (1.7.14), (1.6.7) and 
(1.6.8)]) that 



\/o,o./o,o;p - + 2^ + (7.6) 

^ ll^llr\G l|/o,o||f\G 

pw=0 ^ 

+ I (/oro,^^o,o(-,0)) (i^^,o(-,0),/oV) d., 

^^•^ (0) 

where '1' denotes the constant function (po,o(-l,0) : G ^ {1} C M. Here, since /q^q e ^L'^{T\G) C L2(F\G), 
it follows by (7.3) and the orthogonality of the subspaces °L^(F\G) and C = CI in (1.1.2) that we have 

</o^o,l)f\G = 0- (7-7) 

Hence the first term on the right-hand side of the equation (7.6) equals zero. By a somewhat more roundabout 
argument we shall next show that the terms of the sum over c in (7.6) also vanish. 
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Suppose that Jq q G °L^(f\G). Then it follows by the orthogonality of the subspaces ''L^(f\G) and 
^L'^{r\G), and by the case F = f of (1.1.19), combined with the square integrability (mentioned before 
(7.6)) of the function 1 1->- {Jq^, -Eq Q(it, 0))f'\G^ that one will have also, for all cusps c of F, 

(0) 

= / (C^E^fii'^^O))^^^ (i^^,o('^,0),/o^;')_^^ dz. . (7.8) 

(0) 

We therefore now seek to establish the validity of the premise here (that f^Q € ^L'^{f\G)). Firstly, we may 
note that by (1.1.6) and [22, (1.7.10)], 

fl'o e AO (T,,o; 0, 0) C AP°'(T,,o; 0, 0) C Ar(T,,o; 0, 0) , (7.9) 

where the latter three sets are the subspaces of°L2(F\G) defined in [22, (1.4.1)-(1.4.7)] {A°{T^^o;0,0) being 
a space of cusp forms); and where T^^p is the character of C[f2+, fl-] given by [22, (1.3.3)] (so that one may 
write the equation in (1.1.4) as f2±/ = uv -pv {^±) f ) ■ Since F-automorphicity implies F-automorphicity, 
it is immediate from the relevant definitions in [22, Sections 1.2-1.4] that >lr(Ti,_o; 0, 0) is a subspace of 
Af{Ti,fi;0,0); so, by (7.9) we obtain: 

Af(Tf^',o;0,0). (7.10) 

If we can furthermore show it to be the case that 

/o^oe4(T.,o;0,o) (7.11) 

then the sought for conclusion, that f^^ € °L'^{r\G), will follow: for "L'^{r\G) is (see [22, Subsection 1.7]) 
defined to be the closure of the subspace of L^(r\G) generated by the set of all F-automorphic cusp forms, 
and so, since each non-zero element of the set A? (T^^o! 0) 0) is (by definition) a cusp form, it is trivially the 

case that °L'^ir\G) D A9(T^,o;0,0). 

Given the relevant definitions in [22, Subsection 1.4], and given (7.10), the verification of (7.11) may 
be achieved in two steps: the first of these being to show that Jqq having 'polynomial growth' as a F- 
automorphic implies that /qq also has 'polynomial growth' as a f-automorphic function; the second step 
being to demonstrate the like implication in respect of the 'cuspidality' critereon 

{Fofo'o) (.9) = (<? € G, c € PHQ(*)) = Qi^) U {oo}), (7.12) 

where, as indicated in Subsection 1.1, FqJ is the O-th order term in the Fourier expansion of / (as a 
F-automorphic function) at the cusp c. 

We address first the question of 'polynomial growth' (the reader may refer to [22, Subsection 1.4] for the 
meaning of this terminology). Since the parabolic stabiliser subgroups F'^ and F'^. may differ, our insistence 
that all scaling matrices satisfy the condition (1.1.1) necessitates that we indicate when the scaling matrix 
should be one appropriate for the Fourier expansion of F-automorphic functions: we do this by marking the 
relevant 'g^' with a tilde. Similarly we write Fq/ for the O-th order term in the Fourier expansion of / as a 
F-automorphic function. 

By (1.1.1), one has g~^r'^gc = g^^r^g^ = {n[a] : a € D} < G. A calculation then enables one to deduce 
that, for some Zc € C, and some Uc G C* with & D and \uc\'^ = [F'^ : F'J , one has the equation 

g-% = n[zc\h[uc\ . (7.13) 

Then, through a result similar to that in (7.5), one finds that, since the function g i-)- f^Q^g^g) (g G G) has 
(by virtue of (7.9)) polynomial growth along A (in the sense defined in [22, (1.4.1)]), so too does the function 
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g foflig^g) [g € G). This applies for all cusps c G Q(z) U {oo}, and so /J^q meets the criteria stated in 
[22] for being a F-automorphic function of polynomial growth; given (7.10), we therefore have 

/o^;eA?°'(T.,o;0,o). (7.14) 

The first step in our verification of (7.11) is now complete. For the second step, relating to the cuspidality 
criteron (7.12), we may note that, from (1.1.1), (7.13) and the definition of F^/ : G -J> C in [22, (1.4.3), 
(1.4.4)], one can work out that 

{Fofofi){9)={nfofi){h[uc]9) for e G, c € Q(i) U {oo}. 

Therefore, given that h\uc\ is an element of the group G, it follows from (7.12) that 

{Fofo'o) (5) = ( e G, c e (Q(i)) = q(i) u {00} ) . 

This, together with (7.14), makes the verification of (7.11) complete; by (7.11) and the discussion around it, 
we have f^^ G °L^(r\G), the premise on which our deduction of (7.8) depended. 
Now we may apply (7.7) and (7.8), so that the equation (7.6) is simplified to: 

f'^) \fo,0'fofi)~,^\fofi^fo,o)-,^ , , , 

E ^ = (/^;^/^o'),,, . (7.15) 

w 

pw=0 



fwu^ V"'" /r\G 

M0,0||f\G 



Let W be one of the cuspidal irreducible spaces of °L^(f \G) by which the summation in (7.15) is indexed. 
We already have pv = pv = 0: suppose also that pw = 0. Then, by the points noted in the paragraph 
containing (1.1.11) (understood as applying to the case F = F), the functions /^q, f^^ and /^^[^ arc elements 
of the space C°^{G/K) (defined above (1.1.11)), and one has vx e i[0,oo) U (0,2/9) and (l - i^'jc)fo,o = 
— A/5^Q for X — W, V , V" , where the operator — A = — 4(17+ + $!_) is symmetric on a subspace of L^(r\G) 
containing Cf^^ '^foa ® ^.foa ■ Since two eigcnspaces corresponding to distinct eigenvalues of the same 
symmetric operator are necessarily orthogonal to one another, it follows that the term on the left-hand side 
of (7.15) indexed by W is non-zero only if Vy, = Vy^ = Vy,,; in which case, given that vy = I'v" = ^ 
and v^vy/ e i[0,oo) U (0,oo), one would have v-^v = f- Therefore the sums on the left-hand sides of the 
equations (7.15) and (7.2) are equal. Since it is, by (7.4) (and its corollary (7.1)), also the case that the 
terms on the right-hand sides of the equations (7.15) and (7.2) are equal, the proof of (7.2) (and hence of 
the lemma) is complete ■ 



Lemma 7.2. Let v e i[0, oo) U (0, 1); let N > 1; and let €C for all lj € O satisfying < jwp < A''. For 
O^qeO andV = Toiq) < SL{2, D), put 



S{T) = Sn{T,i^) 



(r) 

E 

V 

{vv ,pv)={ffi) 



^ a„c^(n;z/,0) 

0<|nP<JV 



(7.16) 



(where the relevant scaling matrix g^ is as in (1.3.3)). Then, for q & D — {0}, r & qD — {0}, F = Fo(g) and 
r = ro(r), one has: 

5(r) < [F : f ]S'(f) . (7.17) 
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Proof. Let V, N and the coefBcients satisfy the stated hypotheses. Suppose moreover that ^ q.r G D; 
that g is a factor of r; and that F and F are (respectively) the subgroups Fo(g) and Fo(r) of SL{2,D). By 
the final point noted in the paragraph of (1.1.11), all the summations on the right-hand side of (7.16) are 
finite. Hence both S{T) and 5(f) are well-defined sums, and we have |5'(F)|, |5(f )| < oo. By (1.1.21), the 
modified Fourier coefhcients Cy{n; v, 0) occurring in the sum (7.16) satisfy 

c^{ij; V, 0) = (7r|a;|)"c^(w) , (7.18) 

where (for ^ w e D) the factor Cy (w) is the same coefficient as appears in the Fourier expansion (1.1.8) of 

the chosen generator /q'q for the one-dimensional subspace Vft:.o,o (occurring in the orthogonal decomposition 
(1.1.5) of V ). Recall that cv(w), in (1.1.8), is independent of the parameters q and I there. With (/oo given 
by (1.3.3), it follows by [4, Lemma 5.1] that the case vy = v , -py = q = I = c = oo of the equation (1.1.8) 
may, for 2: e C, r > 0, fc e ii', and g = n\z\a\r\k e G, be cast in more classical terminology as: 

!lM= E "^(^^ Vivlx\ e(Re(a;z))rj^.(27r|a;|r) , (7.19) 

where the Bessel function K^, : C — (—00, 0] C (differing from that ^Ki,{zy defined in [24] by the omission 

of a factor cos(7rz/)) is, by virtue of the relevant asymptotic expansion given in [24, Section 17.7], non-zero 
for all positive values of the argument that are sufficiently large (in terms of v). Hence, when r > 0, one has 

ri^.(27r|w|r)c^(a;) = (i^~/o%) (a[r]) (0 ^ a; e D), (7.20) 



F(i. + 1) 

where F^] is the same term seen in the Fourier expansion displayed just below the equation (1.1.1), and is 
uniquely determined by virtue of the classical integral representation of Fourier coefficients. When r > is 
sufficiently large, the equations in (7.20) determine the coefficients Cy (w) (for all w e D — {0}). 

For our proof of (7.17) we shall need to express Fourier coefficients Cy (cj), associated (through (1.1.6) 
and (1.1.8)) with the irreducible cuspidal subspaces V C °L^(F\G) having {yy ,-py) — (v,^), in terms of 
the corresponding Fourier coefficients, c^(w), associated with irreducible cuspidal subspaces W C ^1?{^\G) 
having the same pair of spectral parameters, (;^, 0). To this end, we shall first determine an expression for 
the function f^^ S F C °L^(r\G) in terms of the corresponding functions, /g^, lying in relevant cuspidal 
irreducible subspaces W of '^i^(r\G): the required relations between Fourier coefficients will then be seen 
to follow through an appeal to the final remark of the previous paragraph. 

Let Vi/,o(r) be the set of all of those of the irreducible cuspidal subspaces V C ^1?{V\G) occurring in the 
orthogonal decomposition (1.1.3) that have their spectral parameters [yy^-py^ equal to {y, O) (so that Vj/,o(r) 
is the range of the variable of summation, in the sum on the right-hand side of the equation (7.16)). If 
the set Vi^_o(r) is empty, then since sums with no terms are (by definition) equal to zero, it follows from the 
definition in (7.16) that 5'(F) = and 5(1?) > 0: the result (7.17) of the lemma is, in that case, a trivial 
consequence of the lower bound [F : F] > 1 implied by Lemma 7.1. We may therefore assume that the set 
V,/,o(F) contains at least one element. 

Suppose that V € Vi/,o(r); and let /J^q be a generator of the subspace Vif,o,o C V , normalised so as to 
satisfy (1.1.9). Then, by the case V = V" = V of Lemma 7.1 (the equation (7.2), in particular), one has 



E 

w 



fV ^ fW 

•'0,0' IIj-H^II jo,o 



fW 

Uo.ol 



r\G / f\G 



— l|/o^ollf\G ' C^-^l) 



which is an example of Bessel's inequality holding with equality: for on the left-hand side of this equation the 
variable of summation W indexes a set of functions /q^ that are (by the discussion around (1.1. 3)- (1.1. 6), as 
it applies for F = F) pairwise orthogonal elements of the space L'^{t\G). The same case of Lemma 7.1 shows 
also that the function Jqq : G ^ C is bounded and continuous. Similarly, for each W € V^fiiX) (i.e. each 
space W indexing a summand on the left hand side of the equation (7.21)), the corresponding normalised 
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generator of the subspace WK,ofi C W is a bounded and continuous function on G. It therefore follows 
from (7.21) that 

fo,o = X/ Pv,wfofi , (7.22) 
w 

where 

o _lfV 1 .w\ 1 _ {flo, fo!o)v\G , . 

Pv,w - { /o,o > iiTiril •'0,0 / iiTirii — [77777772 • (7.23) 

\ Po.ollfVG /f\G ll-'0,0||f\G l|/o,o||f\G 

Indeed, the equation (7.21) implies that the L^(r\G')-norm of the difference between the two sides of equa- 
tion (7.22) is equal to zero. Since that difference is a continuous function on G, and has L^(r\G')-norm equal 
to zero, it must therefore have range {0} and domain G. 

In the equation (7.19) one may substitute, in place of V, any of the spaces W by which the summation 
in (7.22) is indexed: for (7.19) would not fail to apply if we had F = F and V = W. Hence, and by (7.22), 
it may be deduced that, for g = n[z\a[r\k G G with z G C, r > and k G K, one has 



2^''+i|wr 



= E (^) ^r(7+'^l)^ e{Re{ujz))rK,{2n\u:\T) , 



(7.24) 



where, for ^ a; e D, 

(f) 

cy(w)= E Pv^wc'^iuj) ■ (7.25) 



w 



Similarly to how (7.20) was deduced from (7.19), one may deduce from (7.24) that (7.20) continues to 
hold for all r > if, for all w G D — {0}, one substitutes for the Fourier coefficient Cy (w) in (7.20) the number 
Cy (w) just defined: given the point noted below (7.20), it must therefore be the case that Cy (w) = Cy (w) 
for all a; G D — {0}. Hence, given (7.25) and (7.18) (which remains valid when V is replaced by any one of 
the subspaces W by which the summation in (7.25) is indexed), we are able to deduce that 



c^(a;;z/,0) = 



E 

w 

{vw,Pw)=(vfi) 



(0 7^ w e £)). 



(7.26) 



Since (7.26) has been shown to hold for an arbitrary member V of the set of spaces Vi/,o(r) (defined 
earlier in this proof), wo may apply (7.26) to expand every one of the modified Fourier coefficients Cy (n; v, 0) 
occurring in the definition (7.16). We consequently find that 



(r) 

5(F) = \^y\' ' (7-27) 

V 
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where, for V G Vu,oi^), 

av = ^ anCy{n;i/,0) = 

0<\n\^<N 

= X] X! f3v,wcw{n; 1^,0) 

0<|TiP<Ar W 



J2 ^^'^ anc^{n;iy,0)= ^ ^y.w'O-^V (say). (7.28) 



Hence 



W 0<\n\^<N W 



(r) 

S{T) = J2 

V 



(r) (f) (f) (D 

X] ^ X] /^v.wcr^;^, = ^ ^ ov/3y, 



{vv ,pv)={f,0) {vw ,pw)={'^,0) {vw ,pw)={'^fi) {vv ,pv)={v,0) 



and so it follows by the Cauchy-Schwarz inequality that 

/(f) w (f) 

i^(r)p< E i-^n E 



w / \ w 



(r) 



V 



{i^w ,Pw) = (i^,0) (vw ,Pw) = {i^fi) (i/v,Pv) = (i^,0) 



5'(f)T(r,f), (7.29) 



where (given that we take a^, on the right-hand side of (7.28), to equal the sum over n on the same line) 
5(f) is given by the case T = f of (7.16), while 



(f) 


(r) 


E 


E 


w 


V 


(i^w ,pw)={i',0) 


(vv ,pv)= 


in 


(r) 


E 


E 


w 


V" 


(iyw,Pw) = {i';0) = 


=(i'v" >Pv" 


(r) (r) 




E E 


(JV" cry 


V" V 




Vyll =V = Vyl 

Pv"=0=Pv' 





(r) 



(y^/,PV,/) = (!^,0) 



(f) 

X] • (7.30) 



w 

{vw,Pw)=(v,0) 



By the equation (7.23) (for V = V , and for V = V"), the normalisation (1.1.9) (for V = W, and for V = V') 
and the result (7.2) of Lemma 7.1, one finds that the inner sum on the right-hand side of (7.30) is 



IfV" fW\^ I fV fW\^ I fV" fW\^ I fV fW\ 

\Jo,o ^ Jo.fi/r\G \jo,ot Jo,o/r\G _ sr^ Uo,o ' JO,o/r\G wo,0' jo,o/ 



E\JO,0 J JOfi/r\G \-l 0,0t J 0,0/ T\G _ 
II j-W l|4 ~ 2^ 



r\G 



' — ' II f ir '-^ iif>^'ll llfi^lr 

W ll-'0,0||f\G ll''0,0|lr\Gll-'0,0||f\G 

{vw ,pw)=i'^,0) (uw ,pw)={i',0) 

, (f) / fV' fW\_ /fW fV"\_ 

\/o,Oi /o,o/r\G \/o,o> /o,o /r\G 



Mo.olInG , ^ , ^ Po.olInG 

[yw ,pw) = (i',0) 

fiif^'ir^ iif^'ii? \fv" — v' 

= i ll-'0,o||r\Gll''0,o||r\G — " ) 

otherwise. 
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where, by the result (7.1) of Lemma 7.1, one has 

ll-^(ro|lr\Gll-^o^o||f\G = ■ ■ 

By this result, and (7.30) and (7.27), one obtains: 

(r) (r) 
T(r , f) = <Ty' ^ [r : f] = [r : f] ^ \av'f = [T : t]S{T) . 

v v 
Hence and by (7.29), it follows that 

|5(r)|2<5(f)[r:f]5(r), 

where [r : f] > 1, and where (by the definition (7.16)) S{r),S{t) > 0. One therefore must have (7.17) ■ 
Lemma 7.3. LettGR and Q,X,N>1. Then, for Qi> ^Q, one has 

St{Q, X,N)<f(l- (log Qi) {St {Qi,X, N) + St (20i, X, N)) . (7.31) 

Proof. By the definition (1.3.2) of St{Q,X,N), it will sufiice to prove the case t = of this lemma 
(application of that case with a„|n|^'* substituted for a„, for all n e £) — {0}, will imply the cases where 
t ^ 0). By (1.3.2) and (1.1.11), one has 



So{Q,X,N)= E X'^SNiToiq),!^) 

Q/2<\q\^<Q 0<i/<l 



(7.32) 



with 5'Ar(r, I/) as given by the equation (7.16) in Lemma 7.2 (note that, by the remarks below (1.1.11), the 
above summation summation over u is effectively finite). 



Let Qi > and let be a Gaussian prime satisfying 

<3i ^ |„|2 ^ 2(5i 



(7.33) 



Then, by the case r = wq of the result (7.17) of Lemma 7.2, one has 

SN{To{q) , y) < [Voiq) : To{wq)] 5jv(ro(^^g) , J/) (0 7^ g € £) and < J/ < 1), 

and so it follows by (7.32), the case F = ro{wq) of the definition (7.16) in Lemma 7.2, and (1.1.11), that 
So{Q,X,N)< Y [ro(<z) : ro(n7(?)] ^ X"" SN{Toizuq) , i^) = 

Q/2<|g|2<Q 0<!^<1 

(ro(^<?)) 



V 



Y anCy(n;i/,0) 

0<|n|2<JV 



= Yl [^o{q):ro{wq)] E 

Q/2<|9P<Q 



V 



Y anCv?(n;zv,0) 

0<|nP<JV 
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Since this holds for all Gaussian primes zu satisfying (7.33), we may therefore sum the above bound over all 
such w so as to obtain: 



(ro(9i)) 

P{2Q,/Q)SoiQ,X,N)< Yl M{Q,Q,;qi) ^ X"^- 

Qi/2<kiP<2Qi 



V 



0<|nP<JV 



where 
and 



P{x) = I |tn g : w is prime and x > Izjf^ ^} | 
M(Q,gi;gi)= ^ [ro(?) : ro(gi)] 



(7.34) 

(7.35) 
(7.36) 



■w is prime 



(the term 'prime' here signifying a 'Gaussian prime' of the ring as distinct from a 'rational prime' of the 
ring Z). The result (7.31) will be seen to follow from (7.34), once we have obtained a suitable lower bound 
for P{2Qi/Q), and a suitable upper bound for M((5, Qi; qi). 

To bound P(2Q\/Q) from below, we observe firstly that, by (7.35) and [8, Theorems 251 and 252], 



P{x) > 8 (nix; 4, 1) - 7r(|; 4, l)) > ^ [9{x; 4, 1) - 0(|; 4, 1 



(x > 5), 



(7.37) 



where 7r{x; k,h) denotes the number of rational primes p = h mod kZ satisfying x > p> 0, while 



9{x; k, h) 



E 



logp . 



rational primes p 
p=h mod k'L 
x>p>0 



By [20, Theorem 1, Table 1 and Theorem 5.2.1], 



%;4,i) 



<5y + s/y 



for y > 14, 



with the constant 5 = (0.002238)/2 = 0.001119 < 1/36. Using this result one finds that if a; > 14^ then 



(0(x;4,l)-^(|;4,l 



X 

<6' 



so that one has, by (7.37), the lower bound 8 (7r(x; 4, 1) — 7r(a;/2; 4, l)) > | a;(log2;)~^. The latter conclusion 
can be shown (by means of some elementary numerical computation) also to hold good when 14^ > a; > 14. 

The lower bounds in (7.37) arc no help at all when 13 > a; > 10, though we do have x > |3p > x/2 
for such X. By taking account of 3 and its associates, we are able to deduce from the results of the previous 
paragraph that 

2x 

P(x) > — for a; > 5. 

^ ' - 31ogx 

Since Qi > IQ and 5 > e, this lower bound on P{x) implies, in particular, that we have: 



p(2Qi/g) > 



4Qi 



3Qlog(2Qi/0) 3 



2e ^ 
> — >1 . 



(7.38) 



To obtain a suitable upper bound on (Ji; Q'l) , in (7.34) and (7.36), we note firstly that, by [22, 

Equation (1.1.5)] (the S'L(2, Z)-analogue of which is proved in [12, Section 2.4]), one has 



[SL{2,D):ro{r)]=\r\ 



n 



1+ 



prime ideals -uJiOcO 



for ^ r e £) 



(7.39) 
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(i.e. with, in the last product, only one factor, not four, per prime ideal of the ring D = Hence, in the 

sum on the right-hand side of (7.36) (where qi/q equals the Gaussian prime ru), one has: 



[ro(<?):ro(gi)] = 



[SL{2,0):To{q,)] 
[SL{2,0):To{q)] 



n 



prime ideals zuiOgO 
TUiOBqi and roiO^g 



if Ci7 I g, 
ItjjP + 1 otherwise. 



Given this evaluation of the index [S'L(2,D) : ro(gi)] , it follows trivially from the definition (7.36) that 

M(Q,Oi;gi) < + l) ^(^i > ^) , (7-40) 



where 



_F(gi,z) — \{tu G : zu is prime, zu \ qi and \zu\'^ > z'\\ . 



Here we have F{qi,z) = 4fc (say), where k is, in all cases, a non- negative integer, and where, when k ^ 0, 
there is a set of k pairwise non-associated Gaussian primes wi,tu2, ■ ■ ■ ,zuk such that, for = 1,2, ... ,k, 
one has both \vuj\'^ > z and Wj \ q\; so if one has also gi 7^ and z > 0, then it must follow that 
\w-\Wi ■ ■ ■ wt.]"^ > and gi S W\W2 ■ ■ ■ wi^O — {0}, and hence that > \vjxVJ2 ■ ■ ■ '^k\'^ > z^ . Since the 
last two inequalities imply that A; log 2: < logd^i]^), we may therefore deduce that 



F{quz) < 



41og(ki| 
logz 



for ^ gi e £) and z>l. 



Hence and by (7.40), we have (given that Q\/Q > 5/2 > 1): 



By (7.34), (7.38), (7.41) and the definition (1.3.2) of the sum St{Q,X,N), we have now 

(ro(9i)) 



(7.41) 



3Q 



log(2Qr/Q) ^"^^'''''^^ - MqITQ) VQ' ^ V,, ^ V 



^ a„c^(n;!^,0) 

0<|nP<Ar 



ii|e|)(f +i)(s,w„x,«)+«.(.Q.,x,«)), 



which gives: 



5o(0,X,Ar)< ^^^l^iM log(20i) (2 + ^) {So{Qi,X,N) + S^{2QuX,N)) . 



The case f = of the result (7.31) follows from this last bound, as an elementary consequence of the 
hypotheses that Qi> and Q > 1 ■ 
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§8. The Proof of Theorem 9 



We begin this section with a sequence of six lemmas. Lemmas 8.1-8.3 are concerned with elementary 

points of analysis. Lemmas 8.4-8.6, concerning the sum St(Q,X,N) defined in (1.3.2), are deduced from 
Lemma 6.3 by means of Theorem 6 and Lemma 7.3. Lemma 8.6 enables the 'proof by induction' of Theorem 9, 
which follows it. In the statements and proofs of Lemmas 8.2 and 8.3, and in the proof of Lemma 8.4, it 
is to be supposed that x, y and z are a system of dependent variables such that z € C, x = Re(z) <E K 
and y = !ni{z) € M; the same is to be understood when subsripts are used (i.e. one will have Xf = Re(z^) 
and ye = Im(2;^) for any given £). In the statement of Lemma 8.2, and in the proofs of Lemmas 8.2-8.4, we 
furthermore take A^I (when m e N and / C [0, oo)) to signify the subset of M^"* given by 

Al,I = {{xi,yi,...,xm,ym) ^M.^"" :\xd + iyd\€ I ioT d = l,...,m} . (8.1) 

One example of this notation is -4?^ [0, 1), which denotes the open disc, in M^, with radius 1 and centre (0, 0). 
Another example is Af{0,oo), which denotes the set — {(0,0)}. 



Lemma 8.1. Let m G N and N E NU {0}. Let U be a non-empty open subset of R™; let V be a non-empty 
open subset of R; and let f : U ^ V and g : V ^ R. Let the function f be such that, for all n S NU{0}, eaci 
one of its m" partial derivatives of order n is a continuous real-valued function on U. Suppose, moreover, 
that g is infinitely differentiable on V. Then the function g o /:[/—> M is such that every one of its m,^ 
partial derivatives of order N is a continuous real-valued function on U. 

Proof. For u E U C M™, one has /(u) S V, so that (?(/(u)) is defined. Moreover, the set U is the domain 
of /; and the function g is real-valued. Therefore the function u g{f{u)) is a real-valued function with 
domain U. In other words, we have g o / : [7 — >• K. 

Since g is infinitely differentiable on V it is, in particular, continuous on V. Moreover, since the (unique) 
partial derivative of / of order is / itself, the hypotheses of the lemma imply the continuity of / on U. 
Since / and g are continuous, so too is their composition g o /; so the case iV = if the lemma follows. 

Suppose now that N' e N, and that the lemma is true in all cases where N < N' . By the chain-rule, 

A(5o/)(u) = (5'o/)(u) A/(u) (ue;7, j = l,...,m) (8.2) 

where, by hypothesis, every partial derivative of the function {d/duj)f is a continuous real-valued function 
on U (all partial derivatives of this function being also partial derivatives of /). Furthermore, since g is an 
infinitely differentiable real- valued function on V , so too is its derivative, g': consequently it follows by the 
cases A'' = 0, . . . , A'"' — 1 of the lemma that 17' o / : [/ — ?• R, and that every partial derivative of this function 
of order not greater than A^' — 1 is a continuous real-valued function on U. Therefore, either by (8.2) alone 
{if N' = 1), or by (8.2) and the product rule of differential calculus (when N' > 1), it follows that any 
partial derivative of the function {d/duj)(g o f) : U — )■ R of order A^' — 1 is a continuous real- valued function 
on U (products and sums of continuous functions being continuous also). Since this conclusion holds for 
J = 1, . . . , m, it has therefore been established that, when the cases A' = 0, . . . , A'' — 1 of the lemma are true, 
so too is the case N = N' . This holds for all A^' € N, so that (with the case A^ = of the lemma having 
been proved in the preceding paragraph) it follows by induction that the lemma is true in all cases ■ 

Lemma 8.2. Let m G N; let ^* (0,oo) C R^™ be given by (8.1); let c G R'"+^ and let ^ : R ^ C be 
infinitely differentiable. For z e (C*)", let 

F[xi,yi, . . .,Xm,ym) = f{xi -\- iyi, ...,Xm + iym) = /(z) = * {^m+i ^c^log( \ze\^)^ . (8.3) 

Then the function F : ^45^^(0, 00) ^ C so defined is such that, for all n <E N, every one of its (2to)" partial 
derivatives of order n is a continuous complex-valued function on U = -4^(0, 00); and if j, k e (N U {0})™ 
and r, R, R - r e (0, 00)" then 

-j—j-^ ^/(z) = 0*,e,r,Rj,k(l) foraJJzGC- with i\z,\,...,\zrn\)G ^ [re, Re]. (8.4) 



84 



Moreover, if m = 1, ci ^ and Supp(^') C [a, 6] C (—00,00), then the Schwartz space 5(C) contains a 
unique function f satisfying (8.3) for all z e C*; and this function f is such that, when z G C, one has: 



gj+k 
dxWy'' 



f{z) = 0*,c,i,fc(l) 



(j, fc e N u {0} j 



(8.5) 



and 



f{z) ^ only if expl min 



a b 

Cl ' Cl 



C2 
Cl 



< \z\ < exp max 



Cl Cl 



£2 

Cl 



(8.6) 



Proof. Since x^+y"^ is a polynomial, and since the function \og{v) is real- valued and infinitely differentiable 
for ?; > 0, it is easily verified that the hypotheses of Lemma 8.1 are satisfied when one takes there U = 
^!f(0, 00), V = (0,00), f{x,y) = x^ + iix,y) S U) and g{v) = log(w) {v € V). Lemma 8.1 therefore 
shows that all partial derivatives of the function {x, y) ^ \og{\x+iy\'^) are continuous real- valued functions on 
^f(0, 00). This trivially implies that all partial derivatives of the m distinct functions, (xi, yi, . . . , Xm, ym) ^ 
log(|x£+iy£p) (£ 1, . . . , m), are continuous real-valued functions on ^^^(0, 00). Since partial derivatives are 
linear operators, and since sums and products of continuous real- valued functions are themselves continuous 
real- valued functions, it follows that all partial derivatives of the function (a;i,yi, . . . ,Xm,ym) ^ Cm+i + 
X^fci Cf log(|3;£+«j/£p) are continuous real-valued functions on ^^(0, 00). Hence, by appropriate applications 
of Lemma 8.1, with either g{v) = Re(^'(w)), or g{v) = Im(5'(?;)), one finds that all partial derivatives of 
the two functions u ^ Re(i^(u)), u >->• Im(i^(u)) (where F{u) is given by (8.3)) are continuous and real- 
valued on ^^(0,00). This proves the first result of the lemma. The second result, in (8.4), follows almost 
immediately. Indeed, since the set 

W = {{xi,yi,...,Xm-,ym) e R^™ : < \xi + iye\ < Re for £=l,...,m} 

is a compact subset of ^5^(0, 00), the continuous real- valued function 



{xi,yi, 



■ 7 XiYi 7 yrt 



gji+ki + ...+jm+k„ 



dx\'dyl'---dx>^dy'„ 



F{xi,yi, . . .,Xm,ym) 



Qjl+ki + ...+jm+k„ 



dx^^dyl'-'-dx'^dy^^ 



must therefore attain its supremum on W; and, since r and R determine W , while the function concerned 

is determined by ^P, c, j and k, that supremum is therefore determined by ^, c, j, k, r and R. 

Suppose now that m = 1, ci ^ 0, and that the support of * is contained in the bounded closed interval 
[a, 6]. Let / : C C be given by 



if 2 = 0, 
(c2 + Cl log (l^ip)) otherwise. 



Since the equation (8.3) is satisfied for all z € C*, it follows by the first result of the lemma (proved above) 
that all partial derivatives of the functions (a:,2/) 1— )■ ](x + iy) are continuous on ^!f(0,oo). Moreover, 
since Supp(^') C [a, 6], it follows by the definition of / that /(z) = unless o < C2 -I- cilog(|zp) < 6, 
and so (by elementary properties of the exponential and logarithm functions) we obtain the result (8.6). 
By (8.6), one has /(x -f iy) = for all (x,?/) in a neighbourhood of the point (0,0) G M^. Therefore, in that 
neighbourhood, all partial derivatives of the function (x,y) /(a- + iy) arc defined and equal to zero, and 
so are (in particular) continuous at the point (0, 0). This proves that the function / : C ^ C is smooth: for 
we showed already that all partial derivatives of the function (.x, y) i~>- /(x -I- iy) are contimious on .4!f (0, 00). 
Since the Schwartz space 5(C) contains all smooth and compactly supported complex functions, it follows 
(given (8.6)) that we have / G iS(C). The bound in (8.5) is an immediate corollary of (8.6) and the case 
r = exp(min{a/ci, 6/ci} — (C2/C1)), R — exp(max{a/ci, 6/ci} — (C2/C1)) of (8.4): no dependence on a or b 
is shown in (8.5), since (8.6) holds when a and 6 are, repectively, the infimum and supremum of Supp(^') ■ 
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Lemma 8.3. Let 1 > 5 > and t e M. Let / : C ^ C be smooth. Suppose moreover that 

(j,k GNU {0}, zGC*), 

and that Supp(/) C C*. Let g : C ^ C be given by: 

Jo ifz = 0, 

~ \fiz)\z\'^'* otherwise. 

Then the function g is smooth, has the same support as f, and is such that 



i+k 



-U+k) 



(j,k eNu{0}, z e c*). 



(8.7) 



(8.8) 



(8.9) 



Proof. The hypotheses of Lemma 8.2 are satisfied when m = 1, c = {t,0) and ^{v) = exp(it;) {v € M). 
Hence it follows by Lemma 8.2 that the function % : C* — ^ C given by 

X(^) = \z\^'' = exp{itlogi\zf)) {z e C*) 

is smooth. Since / is (by hypothesis) a smooth function with domain C, it follows by the product riilc of 
differential calculus that the function z h- > f(z)x{z) {z € C*) is smooth. It can furthermore be deduced 
that the function g : C ^ C, given by (8.8), is smooth. Indeed, since ^ Supp(/), one has f{z) = for 
all complex mmibers z lying in some neighbourhood of 0; and so the function (x, y) i— )■ g{x + iy), and all its 
partial derivatives, are defined and equal to zero on some neighbourhood of the point (0, 0) in R^; and those 
partial derivatives are therefore certainly continuous at (0,0), This sufBces to establish the smoothness of g, 
given that, for {x, y) G (0, oo), we have g{x + iy) = f{x + iy)x{x + iy), where the function z i— )■ f{z)x{z) 
is smooth on C*. Since |r^**| = 1 (r > 0), and since g(Q) = /(O) = 0, it follows by the definition (8.8) that 
all zeros of / are zeros of g, and vice versa. Therefore Supp(9) = Supp(/). 

Suppose now that j, fc G N U {0}, and that z e C* . In order to obtain the bound (8.9), we note firstly 
that, by (8.7) and Leibniz's rule for higher order derivatives of products, one has: 



Qj+k 



< 2^ 



+k 



Ql+r. 



■X{z) 



i,k—m 



-(U-e) + (k-m)y 



dx^dy' 

for some non-negative integers m with I < j and m < k. Then we observe that, by (5.19), one has 



(8.10) 



gi+r 



dx^dy^' 



■Xiz) 



d_ 

dz 



-] 

dz 



d_ 

dz 



< 2 



Qr+s 

dz'-ffz' ^^^^ 



d_ 

dz 



Xiz) 

Qr+s 



< 



dz'^&z^ 



\z\ 



2it 



(8.11) 



for some non-negative integers r, s satisfying r + s 
Real-variable calculus shows that 



d_ 

dz 



.\2it 



it\z?''z-^ 



' + m < j + k. 

and \z\^'* 
dz' ' 



it\zf'\z^ 



(this also follows, by (5.21), from the fact that = 2;**(z)**). By induction (and with the aid of (5.21) 

and the product rule of differential calculus), it may therefore be deduced that, for n e N U {0}, one has: 



gn 

dz^ 



.\2it ^—n 



z-''{it-n+l)n 



and 



gn 



zY'\z)-''{it-n+l)n , 
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where, as in (2.1), {a)m = ^(a + 1) • • • (a + m — 1) = r{a + ro)/r(a). Hence, and by (5.21), 



= {it - s + l)s{it -r+l)r (z)-' 

(1 + kr(''+^' = (1 + iii)'+" \z\-^'+'^^ . 

By this last bound, in combination with (8.10) and (8.11), we find that 

^^/(-)X(^)| «j,k (l + |t|)'+'"|z|-(^+'") (5|z|)-«^--^)+('=-™» = 
= (1 + |t|)^+'"5^+'"-0-+fc)|z|-0+fc) < 

< + (1 + |t|)^"+fc s^+k^ s-'^^+'^i |zr(^+'=) = 

= (<5-a+fc) + (1 + 1^1)^+'=) < + 1 + itiY^" . 

Consequently (since > 1, and since g{w) = f{w)x{w) for w G C*), we have the bound (8.9) ■ 

Lemma 8.4. Let H,K,N,5 > and the functions a,/? : C — > C be such as to satisfy the hypotheses of 
Theorem 9 (so that one has, in particular HK = N > 1); and, for n G D — {0}, let an he given by the 
equation (1.3.14). Suppose moreover that 

K>H, (8.12) 

and that s > 0, t gR, X > 1 and 

R€[N, 87V^/^] . (8.13) 

Then 

(3 /2 \ 

Proof. Let St = {5~^ + \t\)~'^; and let at,(3t : C — >■ C be the complex functions satisfying both at(0) = 
/3t(0) = and, for all z € C*, at{z) = a(z)\z\'^^* and ^t(z) = ^{z)\z\'^^*. Then, by Lemma 8.3, the hypotheses 
of Theorem 9 concerning H, K, N, S and the functions a and /3 will continue to be satisfied if we substitute 
at, Pt and 5t S (0, 1] for a, (3 and 5, respectively (while making no change to H, K and N). Therefore, 
given the definition (1.3.2) of St{Q,X,N), and given (1.3.14), the cases of Lemma 8.4 in which t are a 
corollary of the particular case t = Q (i.e. a corollary obtained by applying that case of Lemma 8.4 with at, 
(3t and 5t substituted for a, /3 and 8, respectively): for, by (1.3.14), one has, for n e £) — {0}, 



2it , 



h\n h\n h\n 

(which is the coefficient independent of V in (1.3.2)); and, with regard to the factor involving 5 in (8.14), 
one has also (S^^ + |0|)" = (5"" = (6-^ + |t|)". 

By the foregoing observations, we now have only to prove the case t = of the lemma. Moreover, in 
doing so we may suppose that 

X > 6AK . (8.15) 

For if 1 < X < e^K then it follows by Theorem 6 that Sq(R, X, N) < So{R, MK, N); and so, if the bound 
(8.14) holds for i = 0, X = MK and ah £ > 0, then, when 1<X < 64K, one has: 

So{R, X, N) <e/2 (KNy/^S-^^ (^R + N+ (HK/Rf/^R^/^N^'^^ N = 

= [H-^N^'^ 5-^^ {R + N + R-^N^) N < 
< N^6-'^^RN < (XNyS-^^RN 
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(given (8.13)), which implies the case t = oi the bound in (8.14). 
For z e C and Z > 0, let 

uj{Z;z) = n [z-^/'^z^ , 
where the function : C ^ [0, 1/e] is given by 

if «; = 0, 



5.16) 



Q(w) = < 



$ 1 + 



log(2V2) 



otherwise, 



(8.17) 



with $ : M — >• [0, 1/e] being the specific infinitely differentiable function defined, below the equation (3.5), 
in the proof of Theorem 4. Then, since Supp($) = [-1, 1], and since ^{v) > $(1/2) = exp(-4/3) > 1/4 for 
-1/2 < u < 1/2, it follows that, for w e C, e C and Z > 0, one has: 



fl{w) = unless - < |w;p < 1 



Lo{Z; z) > ; and oj 

We furthermore define, for Q > 0, 



u){Z;z) = unless — < |zp < Z 



{Z;z)>^ if 2-3/4^ < |z|2 < 2-1/4Z . 



(ro(<?)) 



T{Q,X,N)= "^(Q'l) E K/(i^y,0) 



V 
vv>0 



^ anCy{n;iyv,0) 



N 



<\n\^<N 



(8.18) 
(8.19) 

(8.20) 



with / : C* ^ [0, 1/e] as defined below the equation (3.5) in the proof of Theorem 4 (so that / depends on, 
and is determined by, X); and with the transform Kf{i',p) as defined in the statement of Theorem 1. Given 
the inequalities in (8.19) and the lower bound on X in (8.15), which implies that X > 64, it follows therefore 
(similarly to how, in the proof of Theorem 7, the result (4.3) was obtained) that, for Q > 0, we have 



(ro(9)) 



V 
vv>0 



^ anCy{n; i'v,0) 



f <|nP<JV 



> 



E 



(ro(9)) 



2-3/4Q<|g|2<2-i/4Q V 



^ a„Cy{n; iyv,0) 



f <|nP<iV 



Hence, and since {R/2,R] = {R/2,2-'^/^R] U {2-'^/^R,R], it follows by (1.3.2) that 

T{Q,X,N):^SoiR,X,N) , 

for some Q satisfying 



Qe {2-1/4^, 2i/4i?| and Q>2'/^ 



(8.21) 

(8.22) 



We may therefore assume, in what follows, that which is stated in (8.22) and (8.21). 

Given the similar forms of the sums over q and V occurring in (8.20) and in the result (4.3) (within the 
proof of Theorem 7) , it follows by steps differing in only one minor respect from the steps taken in passing 
from (4.3) to (4.5)-(4.6) that we must either have 



T{Q,X,N) < (logX) (Q + O, {N^+')) ||ajv| 



2 ' 



(8.23) 
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or else 

T{Q,X, iV)< 



E 



EE 



S{£,m;pq) f 2-K\fhn 



ui{Q;q) 



for some P satisfying 



where 



^.24) 



(8.25) 



Q* = QA-k'^XN/Q 



(8.26) 

(so that the relationship between Q and Q* is the same as it is in Theorem 7). In either case we find by 
(1.3.14), (1.3.15) and (1.2.11) that 



I|aiv|l2 



E E^w = E (Oe(|nr))'«.A^^+ 

0<|nP<jV h\n 0<|n|2<JV 



(8.27) 



Since HK = AT > 1, it follows by (8.15), (8.12) and (8.13) that XN > UKN > GAN^/^ > 64:N^^^ > 8R. 
Consequently it is implied by the conditions in (8.22), (8.25) and (8.26) that we have P > 2''/^7r^. 

Note that in obtaining (8.24) we employ a division of the sum over p which is, in a sense, 'twice as 
fine' as the corresponding division of a sum used to obtain the bound (4.6), in the proof of Theorem 7. 
The conditional conclusion (8.24)-(8.26) is justified, since for L/2 < M < L, and any coefiicients Cp € C 
(p € £) - {0}), one has 

C{L/2, L) < C{L/2, M) +C{M,L)<2 max{ C{L/2, M) , C(M, L) } , 

where C(a,&) = \ Y.a<\p\^<b'^p\- 

If the bound (8.23) holds then, by (8.21)-(8.23), (8.13) and (8.27), one has 



So{R,X,N) «; (logX) 0,{RN') ||ajv||2 <^e X^/^PAr^+^^^Z^) < {XNyRN 



(8.28) 



(the last inequality following since, by (8.15) and (8.12), one has X"^ > K'^ > HK where, by hypothesis, 
HK = N). This means that we obtain the case i = of the bound in (8.14) when (8.23) holds (given 
that we have, by hypothesis, 1 > 6 > 0). Therefore, bearing in mind what we concluded in (8.23)-(8.26), 
we may complete this proof by showing that the case t = of the bound in (8.14) holds if the hypotheses 
of the lemma and the conditions in (8.15) and (8.24)-(8.26) arc satisfied. Accordingly, we now add to our 
hypotheses by supposing that the conditions in (8.24)-(8.26) are satisfied. 
By (8.24), (8.18) and (8.19), 



T{Q,X,N)<^ 

2-3/4p<|p|2<2-l/4p 



EE E 



S{l,m;pq) I 27r-\/ Im 



N 



j<K|Mm|2<JV 



/ 



pq 



uj{Q;q) 



X E «^ «m E 



S{£,m;pq) ( 2'K^/lm 



N 



j<KP,|mP<JV 



m\ 



/ 



pq 



E -(^;^^)^^ E E 



N 



<\e\2,\m\^<N 



. E 



S{£,m;pq) j 2tt\/ Im 



/ 



pq 



(8.29) 



where uj{Z;z) is as defined in (and below) (8.16) and (8.17); while, for p S D — {0}, the coefficient 9p is a 
complex number determined by Q, X, N, P, the coefficients a„ (0 ^ n e £)) and p, and moreover satisfies: 



^/l if P/2 < < P, 
otherwise. 



(8.30) 
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By a division of the range of summation for the variable I in (8.29), one may deduce that 
for some L satisfying 

L e {2i/*7V , 2-i/*7V , 2-3/*7V , 2-5/*7v} and i > 2^/* . (8.31) 

Hence, by steps similar to those by which (8.29) was obtained from (8.24), we find that 

r(g, X, iV) « ^ u;(L; J^^iP; p)e, ^ a„ ^ S{t m-n) f2W^\ ^ ^^ ^^^ 

where w{Z;z) is as defined in (and below) (8.16) and (8.17), while, for £ £ D — {0}, the coefficient is a 
complex number determined by Q, X, N, P, L, the coefficients On {0 ^ n G D) and the variable £, and is 
such that 

|T^| = / M if < Kl' < (8.33) 
\ otherwise. 

If w G D — {0} then the mapping d mod wD d* mod wD is (as is evident from our definition of the 
meaning of d* in this context) an involution on the set of elements of the multiplicative group {O/wO)*; 
and so it follows by the definition (1.3.6) that, in (8.32), one has 

S{e,m;pq) = S{m,£;pq) . 

Given this elementary fact, and given the hypotheses of Theorem 9 regarding Supp(a) and Supp(^), it 
follows by (8.32) and the definition (1.3.14) of the coefiicient a„, that we have now 

T(g, X, TV) « ^ ^pbl -2 ^ I g| -2 ^ ^ ^ S{hk, £; pq) ^{h, k, i, p, q) , (8.34) 

p^O 97^0 h k li^O 

where, for z e C^, 



/( ) a{zi)l3{z2)u:{L; Z3)uj{P; Z4)uj{Q; z^) if zi, . . . , zs ^ 0, 

'P{Zi,Z2-,Zs,Z4.,Zr,) = I V ^42:5 / 

^ otherwise, 
while, for /i e £) — {0}, the (effectively redundant) factor (j)h is given by: 

^^^fl iiH/2<\h\''<H, 
\ otherwise. 



(8.35) 



(8.36) 

We shall complete this proof by applying Lemma 6.3 to obtain an upper bound for the sum on the 
right-hand side of (8.34) (that sum being similar in form to the sum TZ defined by the equation (6.1)). In 
order to justify this it is necessary to first verify that the function : — )■ C given by (8.35) satisfies all 
the relevant hypotheses stated in the first paragraph of Section 6. To simplify matters we first reformulate 
those hypotheses in terms of the function ^ : — )• C given by: 

^(z) = ip{H^/^zi , K^^^Z2 , L^'^Zi , , Q^'^z^) for z e C^. (8.37) 

The relevant hypotheses concerning are that all partial derivatives of the function (xi, yi, . . . , X5, 2/5) i-^ 
ip{x\+iyi, . . . , 2:5 +2/5) are defined and continuous on M}^; that : — )• C has the property (6.2); and that. 
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when X, y e R'"^ arc such that + wy^ 7^ for d = 1. . . . , 5. the bound (6.3) holds for ah j, k G (N U {0}f. 
Since H, K, L,P,Q > 0, it follows by the chain rule of differential calculus that these hypotheses concerning 
are satisfied if and only if the function ^ : — >■ C given by (8.37) satisfies three particular conditions. The 
first of these conditions is that all partial derivatives of the function (xi, 7/1, . . . , X5, 2/5) 1—^ ^(^^1) J/ii • • • > 2^5, J/5) 
be defined and continuous on The second condition is that ^ : — >■ C satisfy 

^(z)=0 unless ^ < |zi . . . , |2;5|^ < 1 . (8.38) 

The third (and final) condition is that one have, for j, k S (N U {0})^ and x, y G M^, the bound: 

gji-\ — his+fciH — i-fes A. , , , 

We do not claim that (8.39) is, by itself, equivalent to (6.3): it is the combination of (8.38) and (8.39) which 

is equivalent to the combination of (6.2) and (6.3). 

In preparation for the application of Lemma 6.3, we show now that the function ^(z) satisfies the 
three conditions just mentioned: that being sufficient (given the observations of the preceding paragraph) 
to estabhsh that the function (p(z), in (8.34) and (8.35), satisfies all of the requisite hypotheses. By (8.16), 
(8.35) and (8.37), we have, for z e C^ 

^(z) <( n^^^(2;d) if 2:5 7^0, ^g_4Q^ 

otherwise, 

where Q.{z) is given by (8.17), while 

A{z)=a{H^l^z) and B{z) = 13{K^'^ z) (-2 G C), (8.41) 



and 

with (given (8.25), (8.26), (8.31) and the hypothesis that HK = N): 



(8.42) 



^ - (pg)i/2 - 2 ^ , (8-43) 

for some odd integer r] G [—31, 27], independent of the variables z\,.. Z5. In order that we may reach the 
desired conclusions concerning the function ^(z), we must first establish certain related facts about the above 
functions A{z), B{z), ^{z) and g{z). 

By hypothesis, the functions a, /3 : C ^ C are smooth. Hence, and by the chain-rule of diff'erential 

calculus, the functions A, B : C ^ C given by (8.41) are also smooth. Moreover, the hypotheses of Theorem 9 
concerning Supp(a) and Supp(/3) imply that, when zi,Z2 G C, one has: 

1 9 1 9 

A {zi) = unless - < \zi\ < 1 ; B (22) = unless - < \z2\ < 1 . (8.44) 

By (8.41), (8.44) and the hypothesis (1.3.15), we may deduce that, for j, fc G N U {0} and x,y eR, 

( rp + k Qj+k -\ 

I + ' + 'y^ I «^'^ ^'-''^ 

(note that we are here using (8.44) for the cases where |a; + iy]"^ < 1/2). 

We turn next to the function fl{z), which is defined by (8.17) (with $ : M — >■ [0, 1/e] there as given 
below the equation (3.5)). By the case m = 1, c = (2/ log 2, 1), = $ of Lemma 8.2, the function : C — )• C 
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is smooth (indeed it hes in the Schwartz space S{C)); the results (8.5), (8.6) of that lemma imply the result 
already noted in the first part of (8.18), and show also that 



Qj+k 



n{x + iy) = 0$j,fc(l) = Oj,fe(l) 



(j, fc e N U {0}, z = x + iyeC). 



(8.46) 



The last two paragraphs contain all that we need concerning the functions A(z), B{z) and Q.{z). As for 
the function g : (C*f -J> C, it follows by (8.42), (8.43), and the definition of / (below (3.5)), that 



5(z) = $(|(log2)-ilog(^Xi/2 



Y^ZiZ2Z3 



Z4,Z5 



* C6 + ^Cdl0g(| 




(ze(C*)^), 



withe e givenby ci = C2 = C3 = (41og2)-\ C4 = C5 = -(2 log 2)~\ ce = ry/16 (where r; e [-31, 27] is the 
integer constant in (8.43)), and with $ : M ^ [0, 1/e] as defined below the equation (3.5). Therefore, by the 
case TO = 5, \l/ = $ of Lemma 8.2, it follows that all partial derivatives of the function (cci, yi, . . . , X5, 2/5) i-^ 
g{xi + iyi, . . . ,X5 + iy^) are defined and continuous on the set (0, 00) C (defined as in (8.1)); given 
the result (8.4) of Lemma 8.2, it is moreover the case that, for j, k e (N U {0})^ and z 
has 



x + iy G (C*) , one 



Qji-\ hjs + feiH hfcs 



dx{' ---dxi^dy^' 



■dyt 



■ff(z)=0$,^j,k(l) = Oj,k(l) 



when - < 
2 - 



^1 



(8.47) 



Given (8.40) and (8.42), it is an immediate consequence of the properties of the functions fi, A, B : C — ^ C 
noted in (8.18) and (8.44) that ^(z) satisfies the condition (8.38). Moreover, given the conclusions of the 
preceding paragraph (and since we showed earlier that the functions A, S, f7 : C — > C are smooth), it 
follows by (8.40) and the product rule that all partial derivatives of the function (a^i, t/i, . . . , 0:5, 2/5) i-)- 
i{xi+iyi, . . . , xs+zj/s) are defined and continuous on .4f (0, 00). All those partial derivatives are, furthermore, 
defined and continuous on M}^: for if p = {x'^^y'i, . . . ,x'c^,y'^) is a point of R^" not included in the set 

(0, 00) then, by (8.1) and (8.38), one has ^(a;i + iy\, . . . , X5 + iy^) = for all points (xi, yi, . . . , x^, 2/5) in 
the open Euclidean ball in M^*^ with centre p and radius 1 / \/2, and so any partial derivative of the function 
(a;i, 2/1, . . . , xs, 2/5) i-> ^(xi + iyi, . . . , X5 + iys) is defined and equal to zero on that open Euclidean ball, and 
is therefore certainly continuous at the point p. 

The above shows that the function ^ satisfies the first two of the three conditions stated below (8.37). 
In order to verify that the final condition there is also satisfied, we begin by observing that, since the set 

[2-1/2^ 1] is a closed subset of M^^, it therefore follows from (8.38) that the bound (8.39) holds when one 

hasj,kG (NU{0}) and (xi,yi, ... ,X5,y5) e - ^^[2-1/2, l]: for in that case the partial derivative 
which appears in (8.39) is equal to zero. On the other hand, when j, k e (N U {0})^ and z = x + e (C*)^, 
it follows by (8.40) and Leibniz's rule for higher order derivatives of a product that, for some r, s, t, u with 



r,s,t,ue (NU{0})^ 



r + t=j 



and 



s + u = k , 



(8.48) 



one has 



Qjl^ hj5 + felH hfe5 



dx-^ ■ ■ ■ dx^^ dyi ^ ■ ■ - dy. 



< 2-" 



= 2' 



Qri^ hrs+siH I-S5 

dx[' ■■■dxl'-dyl' ■■■dyl' 

Qti^ his+MiH 1-«5 



A{zi)B{z2)l[n{ 



dx[^---dxfdyr---dyr ,^3 

Qri-\ l-r-5+siH I-S5 \ / Qti+ui \ 



Zd 



dx{'---dxl'dyl'---dy',' 

gt2+U2 



dxYdy^' 



dxl^dy^ 



«w)n(4^ow 



5.49) 
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where J = ELiOd + f^d)- Given that S e (0,1], it follows by (8.45)-(8.49) that the condition (8.39) is 
satisfied at all points (.ti, t/i, . . . , X5, 2/5) € [2~^/^,l]; since we have already seen that the same is true 
when {xi,yi, . . . , X5, j/5) G — [2~^/^, l] , we may therefore conclude that the condition (8.39) is satisfied 

whenever x, y e and j, k e (N U {0})^. 

We have now shown that the function ^(z) satisfies all three of the conditions stated towards the end of 
the paragraph containing (8.37). As noted in that paragraph, it follows (therefore) that the function (p{z) 
and parameters H,K,L,P,Q and S satisfy the initial hypotheses of Section 6 (up to, and including (6.3)): 
by the remark below (6.3), we have in particular ip G S(C^). By (8.30), (8.33) and (8.36), the coefficients 
9p,(j)h,Te {pe D - {0}, h,e e D) satisfy the hypotheses (6.4) and (6.5) of Section 6. Moreover, By (8.22), 
(8.13) and (8.12), we have N <^Q<^ N^/^ and H <^ K; and so it follows by (8.25), (8.26) and (8.15) that 

PQ X Q*Q >^XN:^ KN:^ HN . (8.50) 

Since we have also L:^ N (by (8.31)) and A'' = HK (by hypothesis), the parameters H, K, L, P, Q therefore 
satisfy the conditions (6.8) of Lemma 6.1. This, combined with the preceding observations, shows that, if 
El > 0, and if E is given hy E = {PQy^{l + 6~^) x {PQy^d~^ , then the hypotheses of the case e = ei of 
Lemma 6.1 are satisfied. Consequently, and since (8.34) shows that we have T{Q, X, N) <C TZ, where TZ is 
the sum defined by the equation (6.1), it follows by Lemma 6.3 that, for ei > 0, 

r(Q,X,7V)<, (PQ)"^ir" ((iVL) + (p/i^)Q + (p/i^)3/2(Q^) 1/2^ l^iv^lT^l" 

Hence and by (8.31), (8.50), (8.33), (8.27), (8.15) and (8.22), we find that 

T{Q, X, N) (X7V)"^i(5-" (tV + K'^XN + {Q-^Xnf'^ Q^'^N^'^') 7Vi+(^/8) ^ 

X (AiV)"^iAr^/«r" (k-'^XN + [R-^XHf^ R^'^N'^/'^^ N (ei > 0). 

Taking Si = e/22, we have {XNf^^^N^/^ = X^/^N^^/^ < {XNy (since X,N > 1). Therefore the last 
bound for T{Q,X,N), combined with (8.21), completes our proof of the case t = of the lemma. As noted 
at the start of this proof, the remaining cases of the lemma follow ■ 



Lemma 8.5. Suppose that, with the exception of (8.13), the hypotheses of Lemma 8.4 are satisfied. Suppose 
moreover that 

1<Q< 8N^/^ . (8.51) 

Tiien 

StiQ, X, N) <e {QNY {d-' + {Q + N+{Q + Ny-'^iHXf) N , (8.52) 

where 1? is the absolute constant given by (1.2.20) and (1.2.21 ). The implicit constant in (8.52) is determined 
by e and the matrix {cjk)j,k>o, where Cjk is the implicit constant in the term Oj^k{^) in (1.3.15). 

Proof. We consider firstly the cases where 

8N*/^ >Q>N. (8.53) 

In these cases QH^^ = QN^^K > K > 1. Therefore, when (8.53) holds, it follows by Theorem 6 and 
Lemma 8.4 (with e/4 substituted for e) that 

X 



StiQ, X,N)<max{l,{ ) \ St [Q, QH-\N) «, 



«emax|l, |(Qif-^Af)^/'(<5-i + |i|)"(Q+(^)Ar + l3/2QV^iVV2^7Vx 

>^ (1 + mr' [5-' + 1^0" QN « 

< [QNf'^ [5-^ + \t\) " [Q + (HXfQ^-"^) N , (8.54) 
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so that the bound (8.52) is obtained. 

When (8.53) fails to hold, one has (by (8.51)) 1 < Q < A''; an application of Lemma 7.3 then shows 

that 

St{Q, X, N) < (5t (57V/2, X, N) + St{hN, X, N)) log(57V/2) . 

Moreover, since we may here apply the bound (8.54), with either 5N/2 or 5A'' 

substituted for Q. As a result, we find that if (8.53) does not hold then 

StiQ, X, N) « O, {n'I^ [5-^ + \t\f^ (N + (HXfN'-^) log(5Ar/2) «, 
<e {S~'^ + (N + (HXfN^-^) N . 
This bound (vahd when Q < N) implies that in (8.52), and so completes this proof ■ 

Lemma 8.6. Let 1/4 > e > 0; let Qo > 1; and let d be given by (1.2.20) and (1.2.21). Suppose moreover 
that, with the exception of the condition (8.13), the hypotheses of Lemma 8.4 are satisfied. Let Q >1 satisfy 
either Q^-^ < N, or Q^+^ > XN, or Q < Qo. Then one has 

StiQ, X, N) < Cr(£, Qo) [QNY (S-^ + \t\) " (Q + Af + (X/KfN) N , (8.55) 

where C*(s,Qo) is a constant, greater than or equal to 1, and depends only upon s, Qo and the matrix 

{cjk)j,k>o of constants Cjk implicit in the term Oj_fe(l) in the condition (1.3.15). 

Proof. We shall deal firstly with the cases where Q^^^ > XN. In the proof of Lemma 4.1 (where the 
hypotheses are more general than what is currently supposed) the bound (4.20) is shown to hold for t e M and 
g, X, A^ > 1 such that Q'^+^^ > XN. The same holds true if e/3 is substituted for e, so that if Q'^+^ > XN 
then one has 

St{Q,X,N)^, (QNy/^Q + X'^N)\\sLM\\l , 
which, by Theorem 3 and the bound (8.27) for ||ajv||2, implies that 

St{Q,X,N) = Oe((W/' (q + X^/^n') 7V1+(^/4)) {QNY (q + X^^N^-^'/^^^'Q-^^/^^^') N . 

Given that < £ < 1/4 < 7/3 and X,N > 1, we have, in the above, x^^N^'^^/^^^^ < (XAf)i-(^/3). 
Therefore, and since (1 — (e/3))(l + e) < 1 + (2/3)e (as e is positive), we find that 

St{Q,X,N)^,{QNYQN if Q^+'>XN. (8.56) 

The above supplies all that we need in respect of the cases where Q^~^ > XN. We now need only to 
obtain suitable bounds for St{Q, X, N) in the cases where Q < max {N^/(^-^),Qq}. In each such case one 
has either Q^~^ > N and Q < Qo, or else Q^~^ < N. We shall consider, in turn, these two possibilities. 

If Q^~^ > N and Q < Qo then, since £ > and A^, Q > 1, one has N < Q^^^ < Q < Qo- Moreover, 
given Theorem 3, one has N^ < QI'^ and A^^/^ < Q^/^ when N < Qo; and so, from (8.27) and the bound 
(4.21) (obtained within the proof of Lemma 4.1), one may deduce that 

StiQ, X, N) <e,Qo ( W (Q + iX/N^N) N if ArV(i--) < g < . (8.57) 

In comparison to the implicit constant in (4.21), the implicit constant in (8.57) potentially accommodates 

an extra factor D(£)(5q^^^''^'-'^^^\ where D{e), which is the implicit constant in (8.27), is determined by £ 
and the relevant implicit constant in respect of the case 7 = fc = of the condition (1.3.15). 

If Qi-- < N then, since < £ < 1/4, one has Q < N'^/C^-^) < N'^/^, so that the condition (8.51) in 
Lemma 8.5 is satisfied (as are all the other hypotheses of that lemma). Lemma 8.5 is valid for arbitrary 
£ > 0. Therefore, by applying Lemma 8.5 with £^ G (0, 1/16] substituted for s, we find that if Q^~'^ < N 
then 

StiQ, X, N) <e iQNY'"^ (5-1 + |i|) (Q + AT + Q'-^iHXf + N^-^iHXf) N . (8.58) 
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If Qi-^ < N then one has also Q < 7V(QiV)=/(2-=), so that 
where 

F(e) = ^+s<^+.<l 

(with the last two inequalities following since d > and < e < 1/4). Since the hypotheses of the lemma 
imply that (QA^)^^') < (QA^)^ it may therefore be deduced from the conditional bound (8.58) that 

St{Q,X,N)^e{QNy {6-^ + \t\)^^ {Q + N + N^-^{HXf)N if Q^-' < N . (8.59) 

Let A{s),B{e,Qo),C{e) > be sufficiently large to serve as the implicit constants in (8.56), (8.57) and 
(8.59), respectively. Then, given that < 5 < 1 and N = HK > > 1 and i9 > 0, it follows by those 
conditional results, (8.56), (8.57) and (8.59), that if either 1 < Q < max{Ari/(i-^) , Qq), or Q^+^ > XN, 
then the bound (8.55) wih hold with (e, Qo) = max{l, A{s), B{e, Qo), C(e)} ■ 



The Proof of Theorem 9. 

It will suffice to obtain the bound (1.3.16) in cases where < £ < 1/4. Indeed, since {QNY^'^ < {QNY 
when Q,N > 1 and e > 1/4, all relevant cases where £ > 1/4 follow from cases in which one has e = 1/4. 
Therefore we assume henceforth that 

< e < 1/4 . 

We shall assume also that 

K>H. 

This latter assumption is justified, since the case K < H oi Theorem 9 follows from the case K > H hy the 
substitution of /3, K, a and ff for a, iJ, /? and K, respectively. 

Given the hypotheses of Theorem 9, it follows (similarly to (8.27)) that 

\Ml<C*^{e)N'+' , (8.60) 

where = C^(e) G [l,oo) is a constant depending only upon e and the implicit constant in the ease 
J = = of the conditions (1.3.15). Taking now C13 = Ci3{e) £ [l,oo) to be one of those numbers whose 
existence is established by the case j = 13 of Lemma 4.2, we put 

Qo = Qlie) = {2''C^sis)f'~''> and Co* = C^is) = max{Cr(e,Qo) , ^-'^C^^ie)} , (8.61) 

where C*(£,Qo) = C* G [l,oo) is any one of those numbers whose existence is established in Lemma 8.6 

(note that we are certain to have here Qo > 2™ > 1). The functions a, /3 : C — >■ C (and hence also the 
associated parameters H, K, N, 6) will remain fixed throughout this proof, as does e. The same is therefore 
true of all the numbers = C^{e), Cu = Ci3{s), Qo = Q*o{e), CI = Clie,Qo) and = C^{s), just 
described. 

For each Q £ [1, 00), let A*{Q) denote the proposition that, for all X > 1 and all t G M, one has 

St{Q, X, N) < C^{s){QNy {Q + N + X^N^Q^'^^ + X^K'^N) (J-^ + \t\f^ N . (8.62) 

Given that we have K > H and Q < 'd < 2/9 (by Theorem 3), the inequality (8.62), if true, would imply 
the result (1.3.16) of Theorem 9. Therefore, in order to complete this proof of Theorem 9, it will suffice 
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that wc show that A*{Q) is true for all Q E [1, oo). Since the equalities noted in (4.30) (within the proof of 
Theorem 5) remain valid in the current context, we have, moreover: 

A*{Q) implies A*{P) if Q + 1 > P > Q e N . 

Consequently we may complete this proof of Theorem 9 simply by showing that A* (Q) is true for all Q gN: 
this wc shall achieve through a 'proof by contradiction'. 

Suppose that A*{Q) is false for some Q gN. Then, for reasons similar to those which justify (4.32) and 
(4.33) in the proof of Theorem 5, there must exist a unique RgN such that 

A*{R) is false (8.63) 

and 

A*{Q) is true for Qe[l,i?). (8.64) 

Lemma 8.6 implies that A*{Q) is true for all real Q > 1 satisfying either Q < Qq{s), or Q^~'^ < N: for 
the definition (8.61) ensures that Co(e) > Cl{s,Qo), and so, in all the relevant cases, the result (8.55) of 
Lemma 8.6 implies the inequality (8.62). Hence, given (8.63), we must have: 

R > Q*o{e) =Qo>l (8.65) 

and 

R^-' > N . (8.66) 

By Lemma 8.6 (again), we moreover have 
St{R,X,N)<Ct{e,Qo){RNy{R + N + X^K-^N){S-^ + \t\Y^N for i e K, X e [l,R^+yN]. (8.67) 

The steps we shall now take in order to complete this proof are similar to those taken (after (4.34)) in 
completing the proof of Theorem 5. We shall deduce from (8.60), (8.61) and (8.64)-(8.67) that the proposition 
A*{R) is true: since that conclusion will directly contradict (8.63), we shall thereby have given a 'proof by 
contradiction' that A*{Q) is true for all Q G N, and so (given the points noted below (8.62)) shall have 
completed the proof of Theorem 9. 

By (8.61) and (8.67), we obtain the bound (8.62) for Q = R, all t G R and all X G [l,R^+''/N]. 
Therefore, if it can be shown that (8.62) holds for Q = R, all t G and all X > R^~^^/N, then we may 
deduce that A*{R) is true. Accordingly, let us suppose that 

tGR and X > R^+^N (8.68) 

(by (8.66) this ensures that X > R?'^ > 1). Then, given the observations immediately preceding our 
supposition of (8.68), the proposition A*{R) is true if it can now be deduced that 

St{R, X, N) < C* {e){RNf {R + N + X'^N'^R^-^'^ + X^R-^N) {5-^ + \t\f^N . (8.69) 

By (8.68) and (8.66), the case Q = R oi the condition (4.22) in Lemma 4.2 is satisfied. Therefore, by 
applying Lemma 4.2 for Q = R and j = 13, we find that, for Y = mm{X , R^~^ /N}, some S M and some 
L G {YN/R,2^°YN/R), one has 

St{R,X,N) < Cnis) (y) ((1 + It; - t|)-"5,(L,y,iV) + i?i+(2--)-/3 \\si^\\fj . (3.70) 

Here, by (8.66), (8.68) and the same calculations as carried out below (4.36) (in the proof of Theorem 5), it 
follows that 

y > 1 and 1<L< 2^°YN/R < 2^°R^-^ . (8.71) 
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Moreover, given that < e < 1/4 and Ci3{e) > 1, it is implied by (8.65) and (8.61) that 

> (2i5Ci3(£))^'""'^ > 2180 > 21° . (8.72) 

The inequahties in (8.72) and the second part of (8.71) imply that 1 < L < R. It therefore follows, by 
(8.64), that the proposition A*(L) is true. In particular, a valid inequality is obtained in (8.62) when we 
there substitute L,Yg [1, oo) and v G R for Q, X and t, respectively. It is therefore the case that 

Sy{L, Y, N) < C^{e){LNy {L + N + Y^N'^L^-'^^ + Y^R-'^N) {S-^ + \v\) " . (8.73) 
Since < e < 1/4 and < 5 < 1, it follows by (8.66), (8.71) and Theorem 3 that we have, in the above, 

L + N + Y^NH^-^'^ < 2i0i?i-^ + R^-' + R^^-'^^ (2i0i?i-^)'-''' = 
= (2io + 1) R^-' + 210(1-2'') < 

< (2ll + 1) i?l-(V9)- < 223/2^1-./3 ^ 

{LNf < {2^°R^-'Ny < 2^/2 (^R^-^/^Ny 

and 

<5-i + \v\ = 5~^ + \t+iv-t)\< (5-1 + \t\ + \v-t\< (^1 + \t\) {l + \v- t\) . 
Therefore the bound (8.73) certainly implies that 

{l + \v- i|)-" S^{L,Y,N) < 2"C^(£) [R^-'/^Ny (r^~''^ + Y^R-^n) (^"1 + \t\f^N . (8.74) 

Moreover, by (8.60) and (8.61), we have 

^l+(2-e)e/3 ||^^||2 ^ ijl+(2-e)e/3^^ ^ (R^-^'^Ny^^ < 2'^C^{e) (ijl-^/^Tv) . (8.75) 

Since 5-^ > 1, it follows by (8.70), (8.74) and (8.75) that 

yj (i?i-^/3iv)'(i?i--/3 + y'»i^-''iv) (<5-i + |i|)"iv = 

= 2^^Ci3{e)R-''^^C^{e){RNY (^^y^ R^''/^ + R'"^ [S'^ + |i|)"7V , 

where, just as at the end of the proof of Theorem 5, one has: 

iji--/3 < max |i?i-^/3 , ^ R^~''^ I < i? + X''iV''i?i-2'' <R + N + X'^N'^R'-^'' 

(with the penulutimate inequality following by Theorem 3). By (8.72) we have, in the above, 

215(^13 (£)i?-^'/3 < 1 . 

It may therefore be deduced that the inequality in (8.69) holds: this (as observed immediately above (8.69)) 

is sufficient to establish that the proposition A*{R) is true, so that the statement (8.63) is contradicted. 
Consequently, as explained in the paragraph below (8.67), the proof of Theorem 9 is now complete ■ 
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§9. The Proofs of Theorems 10 and 11 



In this section we prove first Theorem 11, and then Theorem 10. We begin with two lemmas required 
in the first of these proofs. 



Lemma 9.1. Let q,r,s G D — {0} be such that q = rs and (r,s) ~ 1; let T = ro((j') < SL{2,D); let 
goo & SL{2,C) be as in (1.3.3); and let u,t £ O and gi/g e SL{2,C) be such that the equations (1.4.1) 
and (1.4.2) hold. Then 

9^/s^9oo = { ( ^/j^) ■.A,B,C,D&D and ADt = 1 + BCs^ , (9.1) 
9l/\^gi/s = [[cq f ) : ^. -B, C, D e iD and A£) = 1 + BCq^ = T = g^^Vg^o, (9.2) 
and the condition (1.1.1) is satisGed when c G {oo, 1/s}. 

Proof. Let G{r,s) denote the set on the right-hand side of the equation (9.1). Since F = ro((j'), and 
since (1.3.3) makes goo the identity element of SL{2,C), it follows that the final two equalities in (9.2) are 
trivial consequences of the definition of the Hecke congruence subgroup ro(g), and that g^^^^Tgao = 9i/\^- 
Therefore, in order to complete the proofs of (9.1) and (9.2), it will suffice to show that 

g-lT = G{r,s) and G{r,s)gy,=T. (9.3) 

We begin with a proof of the first equation in (9.3). Suppose, firstly, that 7 S F. Then, for some 
a,b,c,d£ D satisfying ab — cd = 1 and q \ c, one has 



a b 
c d 



7 e r < S'L(2, C) . (9.4) 



By (1.4.1)-(1.4.2), the matrix gi/g is an element of the group S'L(2,C), and so it follows from (9.4) that 

gy\^ & SL{2,C) . (9.5) 
Moreover, by (1.4.1)-(1.4.2) and (9.4) (again). 



0-1^ _ ( -t/^\ ( a b 

(ua-tc/r)^ [urb - td) / _ f B/y/¥\ 
{-a + c/s)sy/r {-sb + d)^/r J ~ \Cs^/? Dy/¥ ) 



(say), (9.6) 



where, since c e qD — rsD, one has A, B.C.D € D. By (9.5) and (9.6) the determinant of the last matrix 
is equal to 1, so that ADr = 1 + BCs. It has therefore been shown that 

5i7,rc G(r,s). (9.7) 

Suppose now that 

Then, since gi/^ G SL{2,C), and since G{r,s) is a subset of the set of elements of SL{2,C), one has 

5i/,/ie5L(2,C) . 
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Hence, and by (1.4.1), 



h-fy^ t/V^\fA'V^ B'/^\ _ ( A'r + C'st B' + D't\ 
^^1' ~\ssf^ )\ C's^ D'^ J ~ \ {A' + C'u)rs B's + D'ru J ^^o{q)-^ 

(for we have r, s,t,u G D, rs = q and, by (9.8), A', B', C , D' e O). Since the relation gi/gh S F implies that 
h e 5^/sF, the above therefore shows that G(r, s) C g^j'T. This, together with (9.7), completes the proof of 
the first equation in (9.3). 

We may employ a similar strategy to prove next the second equation in (9.3). Suppose that 7 is as 
in (9.4). Then, since 5'L(2,C) 9 7,51/s, one has ^yg^J^g G S'L(2,C). Since it moreover follows from (9.4) and 
(1.4.1)-(1.4.2) that 

-1 _ ( a h\ ( uy/r -t/Vr\^f (au-bs)^ {-at + br) / y/r \ 
\c d)\-s^ y/¥ J \{{c/s)u-d)s,/¥ {-{c/r)t + d)y/^ J 

(where c/s,c/r e D, since g | c), we have therefore that 75^/^ € G{r,s). This proves that Fgr^y^ C G{r,s), 
and so enables us to deduce that 

FCG(r,s)5i/« . (9.9) 
On the other hand, for h as in (9.8), one has %i/s G SL{2,C) (since h,gi/g G SL{2,C)) and so 



/ A'V^ B'/^\ ( ^ tl^r 



A'r + B's A't + B'u 
{C + D')rs C'st + D'ur 



G Fo(g) = F . 



Therefore wc have that G(r, s)gi/s C F. This, together with (9.9), proves the second equation in (9.3). 

In order to complete the proof of the lemma we must show that (1-1.1) holds for all c S {00, 1/s}. Let 
c G {00, 1/s}. Then, by either (1.1.3) or (1.4.1)-(1.4.2) (whichever is appopriate), the scaling matrix g^ is 
an element of S'L(2, C) satisfying g^oo = c. Indeed, if c = 00 then, by (1.3.3), (7oo[l,0] = [1,0] G P"'^(C), 
while if instead c = 1/s then, by (1.4.1)-(1.4.2), gi/s[l,0] = [Vr,Sy/r\ = [l,s] G V^{C). It follows that when 
7 e F one has 7c = c if and only if g~^^gcOO = 00, for the latter equation is equivalent to the equation 
7gcOo = gcoo, and, as we have just seen, gcoo = c. Therefore, and since the trace of any 7 € F is invariant 
under conjugation by an element of SL{2,C), it follows from the definitions of Fj and F'^, preceding (1.1.1) 
that 

97^K9c = {gG g-^Tgc : goo = 00 and Tr{g) = 2} . (9.10) 



Recall now that, if 

a b 
c d 



gSL{2,C) 



then one has 5100 = 00 if and only if c = 0. Given this fact, it follows from (9.10) and (9.2) that one has 

g-%gc = {5 e F : 500 = 00 and Tv{g) = 2} = 

^ : A,B,£)e£), A£» = l and A + £) = 2| = ^^:BgD 

which is the required result (1.1.1) ■ 

Remark. The calculation below (9.9) (in the same paragraph), is somewhat superfiuous. Indeed, by (9.9) 
and the first equation in (9.3), one has F < g^J^Vgi/s', and it is not possible that F be a proper subgroup of 
gi^J^gi/s, for the covolumes of these two discrete and cofinite subgroups of G = SL{2, C) are equal. 
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Lemma 9.2. Let the hypotheses of Lemma 9.1 be satisGed. Let oj,uj' G D. For a,b G {oo, 1/s}, put 



r'a7er;\r : 76=0 
'u(7) /3(7) 



19b 



l/w(7) 



where dw,z equals 1 if w = z, and is otherwise zero; and let "C'' and the generalised Kloostcrman sums 
Sa,b (w, w'; c) (c e "C'') he given by (L1.13)-(L1.15). Then one has what is stated in (1.4.3), (1.4.4), (1.4.16) 
and (1.4.17); and it is moreover the case that 

r4 ifoj'=LO = 0, 

= = E -^-.-V" = 2 ifu;' = ±u; ^ 0, (9.12) 
ueo* 1 otherwise. 

Proof. By Lemma 9.1, we have (9.1), (9.2) and (1.1.1) for c G {00, 1/s}, which implies that 

T',=g,B+g-' (c € {00, 1/s}), (9.13) 

where, recalling the notation of Subsection 1.1, one has = {^H : ct G O}. Given the definitions (1.1.13) 
and (1.1.14), the rcsidt (1.4.3) concerning '^/^C°° will follow if it can be shown that, when c € C — {0}, the 

set g^l^Tgao contains an element of the form 

(: :) 

if and only if 

c/s\/rGO and (c/s\/r,r) ~ 1 . (9.15) 

Accordingly, let c € C — {0}. By (9.1), the set g^^Tg^ contains an element of the form (9.14) if and only if 
c = Csy/r for some C E D such that the congruence rX = 1 mod CsD has a solution in D. Moreover, since 
Z[«] is a principal ideal domain, and since (r, s) ~ 1, the conguence in question is soluble if and only if the 
Gaussian integer C = c/s^/r is coprime to r. Hence, in (9.15) we have necessary and sufficient conditions 
for g~^J?goc to contain at least one element of the form (9.14). This completes the proof of (1.4.3). 

The result (1.4.16) follows similarly (but even more easily) from (9.2): we omit the relevant details. 

As a first step towards the proof of (1.4.4) and (1.4.17), we observe that, as a consequence of (9.13) and 
the definitions (1.1.13)-(1.1.15), one has 



a * ^ 
c d 



d+c£)eC/(cO) a+c£)eC/(c£)) 

a * 



c 



d 



whenever (a, fa) € {00, 1/s} x {00, 1/s} and c e "C''. Note that the final sum in (9.16) is completely 
determined by uj, uj' , c and the set g^^^Qb C SL{2,C). Hence, and since we have gi^^^gi/s = <?^^r<7oo, by 
(9.2), and ^/^C^/^ = °°C°° = qO - {0} (by the result (1.4.16), which follows from (9.2)), it is therefore the 
case that 

5i/«,iA(w,w';Cg) = 5oo,cx,(w,w';C9) for CeO-{0}. (9.17) 
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Moreover, by substituting into the case a = b = oo of (9.16) the explicit description of goJ^Tg^o = T given 
in (9.2), we find that, for ^ C G D, 

'S'cx>,cx) (w, w'; Cq) = ^ X] ( -^'^ ojA + oj D 



D+CqOeO/{CqO) A+CqOeO/(CqO) 

A * , 

ero{q) 



Cq 



E E e(Re( 



D 

uiA + uj'D 



A.D mod CqO 
AD=1 mod CgO 



Cq 



The conditions of summation here ensure that {D, Cq) ~ 1 and A = D* mod CqD. The above therefore 
shows that we have 

Soo,oo{i^,c^';Cq) = S{iJ,ij';Cq) {CeD-{0}), 

with S(u,v,w) as defined in (1.3.6). By this and (9.17), the result (1.4.17) follows. 

To prove (1.4.4), we observe that, by (9.1), (9.16) and the (already proven) result (1.4.3), it follows that 
when c = Cs^/r, with C e D — {0} and (C, r) ^ 1, one has 

Si/s,oo{^,^;c)= ^ ^ e(Re( 1 

ADr=l mod CsD 

- E E <-(^))- 

D mod CsO A mod CsO ^ ^ ' ' 

(p,Cs)'^\ A=r*D* mod CsD 

The result (1-4.4) follows, since the last sum above is (by the definition (1.3.6)) equal to the simple Kloost- 

erman sum S{Lur* , lo': Cs). 

To obtain the result (9.12) (and so complete the proof of the lemma), we note firstly that, by (9.11) and 
(9.13), one has 

C"'= E e(Re(^«a;))5„,,,V» (9-18) 

^^(o 1/0 

when a € {oo, 1/s} (it should be noted here that if 7 e F is such that g~^^ga<x> = 00, then 7a = a). As an 
immediate consequence of (9.18) and (9.2), we find that 

O'" = = E « (R« (-'""W ''■.","7. = 

= E E ^ {I^UUJ)) 5uui,ui'/u = 

ueO* /3+(l/u)£)eD/((l/«)D) 

= E E e(Re(/3ua;)) 

ueo* p+oeo/o 

Therefore, since D/O = {0 + D}, since e(Ouw) = e(0) = 1 (for u G C), and since 
we obtain all parts of (9.12) ■ 
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The Proof of Theorem 11. 



This proof is an application of the preceding lemma, in conjunction with two results from [22]. The 
first of the latter two results [22, Theorem B] is a 'spectral to Kloosterman' summation formula (inverse in 
effect to the 'Kloosterman to spectral' summation formula in (1.2.1)); the other is [22, Theorem 1], which 
has been reproduced in Section 1.2 of the present paper (it appears there as Theorem 2). 

Let the hypotheses of Theorem 11 be satisfied. Vui M = {v & C : -2/3 < Re(i/) < 2/3}; and let the 
function /i : A/" x Z ^ C be given by: 

.[{X'^ + X-neM^') ifi^e^andp = 0, , . 

''^'^^"to ifi/e^andpeZ-{0}. ^^^^> 

This function h satisfies all of the relevant hypotheses of the case a = 2/3 of [22, Theorem B], as 
summarised in [22, Theorem B, Conditions (i)-(iii)]. Indeed, by (9.19) we have, for {fjp) GJ\fxZ, 

h{-v, -p) = h{v,p) 

and 

h{v,p) « (1 + |p|)-*exp(|(logX)Re(i/)| + |Re(z/)|2 - |Im(z/)|2) < 

< (1 + |p|)-^expg I logXl + (l + ^ llm(^^)l^) «x (1 + \p\)-' (1 + IM^.)!)"^ 

(which takes care of [22, Theorem B, Conditions (i) and (iii)]); and, with regard to [22, Theorem B, Condi- 
tion (ii)] (requiring that, for each p G Z, the function v h- > h{iy,p) have a holomorphic continuation into a 
neighbourhood of the strip AA), it suffices to note that, since X is positive, both the functions p i-^ and 
v I-)- {X" + X~'^)exp{u^) are entire. Since we have, moreover, F = ro{q), where q,r,s G O — {0} satisfy 
(1.4.18), and since the last part of Lemma 9.1 (and its proof) shows that the scaling matrices g^o and gi/s 
satisfy the relevant hypotheses (including the condition (1.1.1)), it therefore follows by [22, Theorem B] that, 
for a e {oo, 1/s} and m,n G O — {0}, 

(r) 

^ {■m;i'v,Pv)cv {n]vv,pv)h{yv,pv) + 

V 

+ 4_,rr -PI / ^" ("^; ^' P) in; ^, P) h{v, p) dv = 

ce€ ^ 'Jpei[r,:r'jz 

= ^2^ / Mi^,P)(p -^^ ) di^+ 2^ — 1, (9.20) 

where (5°;°„ is as defined in the equation (9.11) of Lemma 9.2, and where the B-transform is that defined 
above (1.2.5), in the proof of Theorem 1; while the meaning of any other non-standard notation used is 
explained in Subsection 1.1. 

By the results of Lemma 9.2 (specifically (1.4.16), (1.4.17) and (9.12)), it follows that the right-hand 
side of the equation (9.20) is independent of the choice of cusp (that choice being between having a = 1/s, or 
else = oo): the same is therefore true (when m and n are given) of the numerical value of the left-hand side 
of the equation (9.20). Therefore, and since our choice of test-function h (in (9.19)) ensures that h{i',p) ^ 
only if j3 = 0, we may deduce that 

V^'im, n; h) = r)^{m, n; h) (m, n e D - {0}), 
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where 



(r) 



r]^{m,n;h)= ^ (m; z/y,0) Cy (n; z/y, 0) /i (!/v,0) + 

y :pv=0 



(0) 



Consequently one has 



H}/'{h,N;h) = H?°(h,N;h) 



(9.21) 



where, for a e {oo, 1/s}, 



N 



j<|m|MnP<JV 

(r) 



E 



^ 6„Cy (n;z/y,0) 



AT 



/l (1/^,0) + 



(r) ^ 



(0) f <|nP<JV 



/i(z/, 0) dv . 



Recall now that the index V in the second last summation denotes a cuspidal subspace occurring in the 
orthogonal decomposition (1.1.3) of the space °L^(r\G). For each such V the associated spectral parameter 
vv is either positive (and less than 2/9), or else lies on the ray i[0, oo) in the complex plane (see (1.1.2)-(1.1.4) 
and the paragraph containing (1.1.11)). Hence, and by (9.19), we may rewrite the expression just obtained 
for H°{h, N; h) so as to obtain: 



i?»(b, N- h) = pl{h, N-X) + 2Y^ Rl^{h, N; X) (a G {oo, 1/s}), 



(9.22) 



where Pg{h,N]X) is the sum defined in (1.4.19), 



(r) 



Rl^{h,N-X)= J2 



V:pv=a 



^ 6„Cy (n;i^y,0) 



N 



and 



i/vei[0,oo) 4 

(r) 



<|nP<JV 



COS ((logX) Im.{vv)) exp^— (Im(j/y))^^ 



^ bnB^{n;it,0) 



f <|n|2<JV 



COS {{\ogX)t) exp(-t2) dt . 



Moreover, since — 1 < cos^ < 1 for all real 9, and since 



oo 

J Texp{-T^) dT=^ exp(-f2) (teR), 



\t\ 



we have here 



^ oo 

Rlj{h,N;X)<4Y, /'i?;(g,l/2,T;2-''7V,b)Texp(-T2)dT (a € {oo, 1/s}, j = 0, 1), (9.23) 
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where the sums E^{q, P, K; N,h) (o € Q{i)Li{oo},j = 0, 1) arc those defined by (1.2.7)-(1.2.8), in Theorem 2. 

In the above, each sum Ej{q, 1/2,T; N,h) is, by its definition, a reai- valued and monotonia increasing 
function of the real variable T, and satisfies < E°{q, 1/2, K; N, b) < E°{q, 1,K;N, b) for all real K. Hence, 
and by Theorem 2, it follows from (9.23) that, for o S {0, 1/s}, j = 0, 1 and any e > 0, one has 

oo 

Rlj{h,N;X)<4Y^ [ E^{q,l,K;2-f^N,h){K-l)e^p{-{K-lf)dK^ 

h=0 { 
oo 

1 

«(l + 0,(iVi+^|Ma)n)||bjv||2 . (9.24) 

Given the definition of /i(a) in (1.2.10), and in light of Remark 3 below Theorem 2, we have here 

1 . q 1 

{is,q), q/{s,q)) {s,r) /u(oo) ' 

and so we may deduce from (9.22) and (9.24) that 

H^{h, N; h) = plih, N; X) + o((l + O^N^+^lq]-^)) Wh^Wf) (a G {oo, 1/s}, e > 0). 

By the substitution of these results into (9.21), one obtains the result seen in (1.4.20) ■ 

We end this section with the proof of Theorem 10. By way of preparation, we include here three more 
lemmas. The first of these is a corollary of Theorems 3, 4, 8, 9 and 11: the otliers arc of a technical nature. 



Lemma 9.3. Let the hypotheses of Theorem 10, concerning d,£,N,L,5,P,Q,R,S,X E M, the function 
A : C ^ C, the set B{R, S) C D x D and the function b be satisfied; let Un & C for n £ D — {0}; and, for 
u,yeR, let S^^* = 5--*(i?, S; X; L, N) be given by: 



{-Coirs)) 

(r,s)(^B(R,S) 



V 
i'v>0 



^ A(£)K|2-c^(^;;.^,0) a;i\n\''''4' {n;vv,Q) 



f <K|2<L 



f <|n|2<iV 



(9.25) 



Then the function {u, y) ^ S^^* is continuous and bounded onRx M; and, for (u, j/) e M x R, one has 

X^LN 



{S^^*y «. Q'-'ml llajvll^ L{L + Q){N + Q) 1 + 



{L + Q)^{N + Q) 



{6-' + \u\y\ (9.26) 



wiiere ||aAr||2 and ||6||2 are as defined in (1.2.11) and (1.4.13), respectively. 

If it is moreover the case that the hypotheses of Theorem 9 concerning H,K G M., N, the functions 
a, /3 : C — )• C and tie coefEcients a„ (n G O — {0} ) are satisfied, then one has also 



(5^/) <<e Q^b\\lNLiL + Q) 



(9.27) 



X 1 + 



X^L 



{H + K){L + Qf 
where ||fo||oo J's as defined by (1.4.15). 
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Proof. Let 



1j 



and 



(9.28) 



Then Z > L>1 and Z' > 0, and for > one has 

i<x" ^ (VzWy = z''/^ {z')"''^ . 

It therefore follows, by (9.25) and the Cauchy-Schwarz inequality, that 

< (5~'*(i?, S; X- L, AT))' < S^{R, S; Z; L) S;{R, S; Z'; N) , 

where 



(ro(r.s)) 

S:^{R,S;Z;L)= ^ ^ Z'^- 



(r,s)eB(JJ,S) V 



J2 Ai£)\£f^"c^i£;,.v,0) 



f <K|2<L 



and 



(ro(rs)) 

S;{R,S;Z';N)= ^ |6(r,s)|2 ^ (Z^ 

(r,s)El3{R,S) 



V 



^ a;r|n|2^^4/^(n;i/y,0) 



^<|«|2<7V 



(9.29) 
(9.30) 

(9.31) 



Since the relation (r, s) G S(r, s) implies that ^ rs G O and i?S'/4 < |rsp < RS = Q, and since 

\{{r,s)eB{R,S):rs = q}\<J2^ = 0,{\qf/') for 9 e D - {0}, (9.32) 



r\q 



it consequently follows by (9.30) that 



(ro(9)) 



5~(ii,5;Z;L)«,0-/8 ^ J2 E 

OK-^ri T^;rFT<l'3l Soto l'v>0 



^ Ai£)\£\''-c^{£;,,v,0) 



2'"<Q 2 



f <K|2<L 



Therefore, given that the parameters L and S, and the function A : C — > C satisfy the hypotheses stated in 
Theorem 10, and given that > 0, it follows by Theorem 8 (applied with e/6, Z, L and A substituted for 
e, X, H and a, respectively, and, when it is appropriate, with Q/2 substituted for Q) that one has: 

S^{R, S; Z- L) (^-1 ^ i^Qii 5^(g ^ Lf^-I^L . 

By this bound, together with Theorem 3 and the conditions in (1.4.6), we find that 

5~(ii,5;Z;L)<eg"/^i(i + Q)(<5-i + |u|)" . (9.33) 

In order to obtain a suitable bound for S*{R, S; Z'-.N), we note firstly that, since Z' > 0, it follows that 
if q = rs, with (r, s) G B{R, S), and if 

Y = Z' + 1 (9.34) 



(so that y > > and y > 1), then 

(ro(<?)) 



o< j^i^'y 



V 



J2 a^\n\^'''c\f\n;i^v,0) 



f <|n|2<iV 



2 (ro(<?)) 



< 



V 
uv>0 



a;^\n\^''c\/%n;,yv,0) 



^<\n\^<N 



< 



4 

(roC?)) 

< 2 E E ^''^ 
we{o,i} V 

2™<jv ^v>^ 
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and so, by Theorem 4 (applied with e/8 and Y substituted for e and X, respectively, with N/2 substituted 
for N, when appropriate, and with 6„ = I'^P*", for n G £) — {0}, and a = 1/s), one has: 



(ro(9)) 



V 



f <|n|2<]V 



where &{q) is as defined in (1.2.20), and where Afi/., = |/i(l/s)p = |(7|~^ (for, as noted towards the end 
of the proof of Theorem 11, one has l//i(l/s) ^ q when T = TQ{q) and s G D is a factor of q such that 
{s,q/s) ~ 1). Hence, and by (9.31), Theorem 3, the definition (1.4.8) and the conditions in (1.4.6), we find 
that 



S*JR,S;Z';N) = 



>e(rs) 



l-e(rs) 



N 



1-1? 



S |*(.,.)|»0,A"/-(l+|^Y™(l + i^) ■ ■||a„|g,og(2 

(r,s)£B(iJ,S) \ ^ 11/ V II 



N 



(9.35) 



where ||6||2 is as defined in (1.4.13), while Y is given by (9.34) and (9.28) (ensuring that we have Y > 1, and 
so justifying the upper bound given here for the sum over r and s). 

By the combination of results in (9.29), (9.33) and (9.35), we have the bound 



(5~^*(i?, S; X; L, N)f «e Q'L{L + Q) 



^)~\M\l\\h\\l{5-' + \u\f' , 



(9.36) 



where, by (9.28) and (9.34), 
YN 



1 



N Z'N 
1 + ^ 



1 + ^ 



X^LN 



Q ' Q Q ' ■ Q {Q^ + L^)Q 
Since < i? < 2/9, the relations on the last line imply that 



< 1 + 



2X'^LN 



{Q + LY{Q + N) 



YN\(^ N 



< 1+ 



iV\ / X'^LN 



Q + N 
Q 



and so, by the bound in (9.36), we obtain the result stated in (9.26). 

The statement preceding (9.26) merits some justification. Recall that, for each Hecke congruence sub- 
group r < SL{2,D), there can be at most a finite number, E(T) (say), of irreducible cuspidal subspaces 
V C L^(r\G) that have i/y > (these V corresponding to the 'exceptional' eigenvalues Ay discussed below 
(1.1.11)). Hence, and by (1.4.6), (1.4.8), (9.25) and (9.32), one has 



0<|g|2<Q j=l 



E E v^.A^wMi^rinr' 

^<W<L ^<|n|2<iV 



where Q, i, N, Cq, v{q,j), Wqj{i) and Zqj{n) denote complex numbers (real and non-negative, in the case 
of Q, L, N, Cq and v{q,j)) that are independent of the variables u and y. Since one has here E{T(j{q)) < oo 
and |{m e O : < \m\'^ < M}\ < AM < oo (for ^ g e £), M > 0), and since all functions of the form 



106 



{u, y) |i?p"|np^ arc continuous, the continuity of the function {u,y) •^^,y* on R x K therefore follows. 
We have, moreover, both minl^*^^* : u, y G M} > 0, and 

E(ro{q)) 

max{5-,*:«,yeR}< ^ E ^"^^'"'^ E K^ WI E \^M\ < 

0<|9P<Q j=l 



f <|nP<JV 



so that the function {u, y) ^ •S'J^j}* is bounded, as asserted in the statement of the lemma. 

In proving tlic one remaining result of the lemma, which is the bound (9.27), we may of course assume 
the relevant premise, stated in the lemma. Accordingly, it is to be supposed that the hypotheses of Theorem 9 
concerning iJ, if € R, N, the functions a, /3 : C ^ C and coefficients a„ (n € D — {0}) are satisfied. Since 
we assume these hypotheses in addition to (and not as a substitute for) those that were previously assumed, 
it follows that all the results previously obtained in this proof remain valid: we refer, in particular, to the 
results (9.29), (9.33) and (9.35), through which (9.36) was obtained. We shall show that, given the additional 
hypotheses, one can obtain a stronger bound for the sum S*{R, S; Z'; N) than that obtained in (9.35). By 
using this stronger bound, together with (9.29) and (9.33), we shall obtain the result in (9.27). 

Let Y and Z' be given (as previously) by (9.34) and (9.28), so that Y > Z' > 0. Then, for u > 0, 



{Z'f + Y-" < {Y" + Y-") exp(i.2^ hyiv) (say). 



(9.37) 



Hence, and by Theorem 11 (with = an for n G D - {0}, and with e/8 substituted for e), we find 

that if (r, s) e B{R, S) and q = rs, then 



(ro(9)) 



E (^') 



V 



f <|nP<JV 



2 (ro(g)) 

- E ^^('^v') 

V 

(ro(9)) 

= E ^Yi^v) 

V 
i/v>0 



f <|nP<JV 



J2 <h^\n\''yc^{n;i^v,0) 



f <|nP<JV 



+ 



(9.38) 



+ 0((l + 0,(|,|-2iV^+^/«))||a^.||^). 

Since Y = Z' + 1 > 1, the function hy '■ (0, oo) (0, oo) defined in (9.37) satisfies 

2 < hyiiy) < ^Y" exp(z/2) for ly > 0. 

Morever, it follows by (1.2.20), (1.2.21) and (1.1.11) that, for each cuspidal subspace V C °L'^{To{q)\G) 
indexing a term of the sum on the right-hand side of the equation (9.38), one has < < 2/9, and so 

1 < exp(i^y) < exp(4/81) . 

With the aid of these observations, one may deduce from (9.38) and (9.31) that 



0<S;{R,S;Z';N)<2eMW E E 



{r,s)eB{R,S) 



V 



f <|nP<iV 



+ 



+ 0, 



Hence, and by (1.4.6), (1.4.8) and (9.32), we obtain 
S;{R,S;Z';N) <e Q'^^ 



(ro(g)) 

E E 



J2 a;^|n|''^c^(n;ivy,0) 



f <|nP<JV 



+ 



(9.39) 
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where, as noted in (8.60), within the proof of Theorem 9, one has 

lla^ll^ «^ N'+^ in > 0), (9.40) 

with an implicit constant that is determined by t] and the value of the implicit constant associated with the 
case j = A; = of the condition (1.3.15). 

Given what we currently suppose concerning the coefficients a„ (n e D — {0}), it follows by Theorem 9 

(applied with e/8, a : C ^ C, /3 : C ^ C, y, Y and, when appropriate, Q/2 substituted for e, a : C — )• C, 
/3 : C ^ C, t, X and Q, respectively) that one has, for Qi & {Q/2, Q} with Qi > 1, 



(ro(9)) 



J2 a;^\nf''c'^{n;iyv,0) 



2 



<e (9.41) 



«, + w)" ((^1 + + + A'j 

Since < < 2/9, since < 5 < 1, since N < Q"^ (by (1.4.6)), and since Y = Z' + 1, where Z' is given by 
(9.28), it follows by (9.39), (9.40) (for tj = e/8) and (9.41) that one has 

S;{R,S;Z';N) «, Q^/^Nml ^(^1 + Q + (l + h^kJ ^) + ' ^^'^^^ 

where 

Y 1 + Z' Z'N X^N X^NL 

< 1 + = 1+ .^o. 1 TTT^ < 1 



Q2iV-i Q2^-i - Q2 ' (Q2i-l + i)g2 - ' (Q + L)2Q2 

and 

F 1 + Z' 1 Z' 1 X^ X^L 



+ H + K-2 H + K 2 {Q^L-'^ + L){H + K) {Q + Lf{H + K)' 

By (9.29), (9.33), and (9.42) and the bounds just noted, the result in (9.27) follows ■ 

Lemma 9.4. Let B > 1, X > Q and t G M; let the function fl : (0, oo) C be infinitely differentiable, with 
support Supp(f2) C [B~^, B] ; and let the function ip : (0, oo) C be given by 

ip{r) = n{Xr^) r^" (r > 0). (9.43) 

Then ip is infinitely differentiable on (0, oo), satisfies 

V^^\r) <^n,j (1 + \t\yr-^ (j e N U {0} and r > 0), (9.44) 

and has 

Supp((^) C [B-1/2X-V2 , B1/2X-V2] . (9.45) 
Moreover, the function / : C* — >■ C given by 

f{z) = ^{\z\) (z€C*), (9.46) 

is even, smooth and compactly supported in C* . 
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Proof. Note firstly that the function R is infinitely differentiable on (0, oo). Indeed, this function 

is the composition of functions fto q, where q : (0, oo) — >• (0, oo) is given by 



q{R) = R"" 



{R > 0), 



(9.47) 



and so (given that the functions x Re(r2(a;)) and x Irn(r2(a;)) are infinitely differentiable) it follows by 
the case m = 1, U = ^ = (0, oo) and f = q oi Lemma 8.1 that o g is infinitely differentiable on (0, oo). 
Since the function r X^/^r is infinitely differentiable (and positive valued) on (0, oo), it similarly follows 
that the function 

{noq){X^^^r) ^ n{Xr^) 

is infinitely differentiable on (0, oo). By the chain-rule of differential calculus (and the principal of induction), 
it may moreover be deduced that, for r > and j = 0, 1, 2, . . . , one has: 



^(no,)(xVV) 

{noqf>{x' 



< 



< ( maxi?^|(f]og)(^) {R) 



max i?^ |(fiog)(^^ (i?)| 
i/Vb<r<Vb 



(9.48) 



Since the function r Q{Xr'^) is infinitely differentiable, and since 
dJ 



(r^'*) = {2it){2it - 1) • • • {2it -j + I)r2'*-J 



(jeNU{0},r>0), 



we may deduce from (9.43) and (9.48), by Leibniz's rule for higher order derivatives of a product, that the 
function ip is infinitely differentiable on (0, oo), and is such that, for all j e N U {0}, and all r > 0, one has: 



E 

*;=0 



n (2zt-^) 



^ 0<f.<k 



r\3-k 



«.E(l + |i|)'r--'=On,,-fe(r-(^-'=^) 



k=0 



We consequently obtain the bound stated in (9.44). 

By (9.43), Supp((p) = \\fxjx : x G Supp(r2)}. The result (9.45) is therefore an immediate corollary of 
the hypothesis that Supp(f^) C [B-^,B]. 

I order to complete this proof we have now only to verify the assertions of the lemma concerning the 
function / : C* — ?• C given by (9.46). 

Firstly, we may note that, since \—z\ = \z\ for 2; e C, it is ensured by the definition (9.46) that the 
function / is even. 

Secondly, we observe that, by the relations (9.45) and (9.46), one has Supp(/) C A, where 
^ = e C : B-^/^X-^/^ < \z\ < c C* . 

We claim that the set Supp(/) is, therefore, a closed and bounded subset of C, and so is compact (with 

respect to the usual topology on C). The boundcdness of Supp(/) follows immediately from our observation 
that Supp(/) is contained within the annular region A (itself clearly bounded). To see that Supp(/) is also a 
closed subset of C, we begin with the observation that Supp(/) is, by definition, a closed subset with respect 
to the relative topology on C*. There is, consequently, some set 2 C C which is closed in C and satisfies 
Z r\C* = Supp(/). Therefore, and since Supp(/) C ^ c C*, it follows that Supp(/) is the intersection of 
two closed subsets of C (namely A and Z), and so is itself a closed subset of C. As the above has verified 
our claims concerning the set Supp(/), we may conclude that / is indeed compactly supported in C*. 
Thirdly (and finally), we note that one has, by (9.46), 



fix + iy) = cp ({x^ + y^f') = (<p o q-') (x^ + y^) {{x, y) gR^ - {(0, 0)}), 



(9.49) 
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where q^^ : (0,oo) — > (0,oo) is the inverse of the function q given by (9.47). Hence, and since all three of 
the functions u q~^{u) = y/u, v i->- Re{(p{v)) and v i-> lm{(f{v)) are infinitely differentiable on (0,oo), it 
follows by the case m = 1, U = V = {0, oo), / = of Lemma 8.1 that the functions u i-)- Re(((/5 o q~^){u)) 
and u H- > lm({(p o q~^)[u)) are infinitely differentiable on (0,oo). Therefore, by two further applications of 
Lemma 8.1 (both with m = 2,U = R^~ {(0, 0)}, V = {0,oo) and f : U ->■ V given by /(u) = uj + u\, for 
u e f7), it may be deduced from (9.49) that the function / : C* ^ C given by (9.46) is smooth (in the sense 
defined at the start of Subsection 1.2) ■ 

Lemma 9.5. Let > 0. TJien there exists an inEnitely differentiable function fl : (0, oo) — > [0, 1] which has 
and satisfies 

0(u) = 1 for 2-1 <u< 2^1. (9.51) 
Proof. It will suffice to construct an infinitely differentiable function ^ : M ^ [0, 1] which has 

Supp(*) C [-77-2, 77 + 2] (9.52) 

and satisfies 

*(y) = 1 for -7/ < 7/ < 77. (9.53) 
For then the function Vt : (0, 00) — ^ [0, 1] given by 

.„ = .(!||) („>„, 

will be such that the conditions (9.50) and (9.51) are satisfied, and (by the case m = l, U = (0,oo), V = M, 
f{u) = (log ti)/(log 2) of Lemma 8.1) will, moreover, be an infinitely diff'erentiable function on (0,00). 

We claim that a suitable function : R — )• [0, 1] (infinitely differentiable, and such that (9.52) and 
(9.53) hold) is given by: 

^{y) = {X{l))-'{X{y + r]+l)-X{y-r,-l)) (y € M), (9.54) 

with ^ 

X{x)= I <^{t)dt (xeM), (9.55) 

— 00 

where (as in the proof of Theorem 4) the function i> is the infinitely differentiable real function defined by 
the second of the equations below (3.5). 

In order to verify this claim, it suffices to show that (9.55) defines an infinitely differentiable function 
X : M ^ M which is zero on (—00, —1], strictly increasing on (—1, 1), and constant on [1, 00). For, if that is 
the case, then X is an increasing and infinitely differentiable function on M, with 

X{x)=X{-l) for x<-l, X{x)=X{l) for x>l, and X{1) > X{-1) = ; 

and so it then follows, by (9.54), that the function 4' is infinitely differentiable on M, with range contained 
in the interval [0/X{l), {X{1) - 0)/X{l)] = [0, 1], and with 

r (X(-l) - X{-1))/X{1) = (0 - 0)/X{l) =0 ff y < -77 - 2; 

f (7/) = <^ (x(i) - x(-i))/x(i) = (x(i) - o)/x{i) = 1 ii-v<y<m 
[ (X(l) - X{1))/X{1) = 0/Xil) = iiy>v + 2. 

Observe now that (9.55) does indeed define a real function X with all of the properties just mentioned. 
Indeed, since $ is continuous on M, since the range of $ is contained in [0, 00), and since $(t) > if and only 
if —1 < t < 1, the integral on the right-hand side of the equation (9.55) equals zero for a; < —1, and (by the 
first fundamental theorem of integral calculus) is strictly increasing on the interval (—1, 1), and constant on 
[1,00); one has, moreover, X'{x) = ^{x) (a; € K), and so, given that $ is infinitely differentiable on M, it 
follows that X is infinitely differentiable on M. This completes the proof of the lemma ■ 
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The Proof of Theorem 10. 

By the case r/ = 4 of Lemma 9.5, we may choose (once and for all) an infinitely differentiable function 
Q : (0, oo) [0, 1] such that 

Supp{n) C [2-6 , 2*^] (9.56) 



and 



1 



for 2-4 < u < 2*. 



(9.57) 



We choose this function O independently of all other parameters (as might, for example, be achieved by 
defining n{u) = ^'((logu)/(log2)) {u > 0), where ^ is the real function constructed in the proof of 
Lemma 9.5). 

Let the hypotheses of Theorem 10 be satisfied. Then, by and the definition (1.4.11) and the results 
(1.4.3), (1.4.4) (established by Lemma 9.2), we have, for (r,s) e B{R,S) and tiJgO, 



(roirs)) 

Kr,s{n,i)= ^ 9r,s{\pf) Si/s,oo{n,i;psVr) = ^ g^,, 

(p,r)~l 



Si/s,oo{nJ;c) , 



where "C'' and S'a,b(w, w'; c) are given by (1.1.13)-(1.1.15) (with F = ro(rs) there). Since it is moreover the 
case that Supp(g'r,s) C [P/2,P], we therefore have: 



Kr,s{n,l) = 



(To(ts)) 

E 

D{r,s)/2<\cf <D(r,s) 



9r,a 



Si/s,oo{nJ; c) 



((r, s) e B{R, S), n,lG D), (9.58) 



where 



D{r,s) = P|s|Vl • 



(9.59) 



To prepare for an application of the Corollary to Theorems 1 and 2, wc observe now that, if r, s, £, n 
and c satisfy the conditions of summation in (1.4.10) and (9.58), then, by (1.4.8) and (9.59), one has 



2TT\/ne 



ATr^\ne\ /47r2(iV/4)i/2(L/2)i/2 ^^2^i/2]^ir. 



PlsPlrl 



' (P|s|2|r|/2) 



^ C (2-3/2X-1 , 25/2X-1) 



where the parameter X > 2 is that given by the equation (1.4.7). The relations in (9.57)-(9.59) therefore 
imply that 



(ro(rs)) 

E 

D{r,s) /2<\c\^ <D(r,s) 



n\ 



2TrVni 



X gr,i 



Si/s,oo{n,£\ c) 



whenever r, s, £ and n satisfy the conditions of summation in (1.4.10). Now the conditions D(r,s)/2 < |cp 
and |cp < D{r,s) are redundant in the above summation, for (as is implicit in our derivation of (9.58)) 
the factor S'rjsdcp/lsplrl) is equal to zero whenever those conditions of summation are not both satisfied. 
Therefore any weakening of those conditions has no effect on the vahic of the sum. Hence, given the definitions 
in (9.59) and (1.4.8), it is certainly the case that if r, s, £ and n satisfy tlie conditions of summation in (1.4.10) 
then 



Kr,s{n,£) = 



E 

2-^D'<\cf<2^D' 



2nVn£ 



X 9r,. 



Sl/s,oo{n;£\ C), 



where 



D* =D{y/R, y/S) = PSR^ 



/2 



(9.60) 



(9.61) 
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For (r, .s) G B{R,S), the function gr.s '■ (0, oo) C is, by hypothesis, both infinitely differentiable and 
compactly supported, and so, by Mellin's inversion formula [10, Appendix, Equation (A. 2)], one has 



where 



(cr e M and x > 0), 



(w e 



(9.62) 



(9.63) 



Note that the integral on the right-hand side of (9.62) is absolutely convergent. Indeed, if (r, s) € B{R, S) 
then, given the definition (9.63), and given our hypotheses concerning the function g^.s (which include the 
bounds in (1.4.9)), we may use repeated integrations by parts to obtain: 



„j — 1+cr+it 



+ it){j -2 + a + it)---{a + it) 
p 



dx 



(-1) 



^-^^^^-^/o,(.-)d.«. 

P/2 



{j-l + a + it){3-2 + 



P" n \m + <J + it\-'^ for creM, O^iGM and jGNU{0}. (9.64) 

0<m<j 

We apply the case cr = 1 of the identity (9.62) to the factor 5r,s(|cp/|sp|r|) of the summand on the 
right-hand side of (9.60). By following that with a change in the order of summation and integration (justified 
by the finiteness of the sum concerned), we find that on the right-hand side of the equation (1.4.10) one has 



(ro(rs)) 
2+2it y-^ 







A \c 








c 





Si/s,oo{n,^;c) dt . 



Prom this it follows (similarly) that, when (r, s) G B{R, S), one has: 

oo 

^ a„ ^ A{e)KrAn,^) = l [ GrA^ + it) \sV^\''^^'' {2n)-^'' K{r, s;t) dt 

4 ■ 

where 



(9.65) 



(ro(rs)) 



K{r,s;t)= Yl E Mmr* E 



N 



T<\n\^<N k<W<L _ "fiy" 8 . 

4 11 2 11 2-®D*<|c|^<2®£)* 



TT C • 



27rVn€ 



with 



(P > 0). 



(9.66) 



(9.67) 



By (1.4.3), the innermost sum on the right-hand side of the equation (9.66) is finite, so it is certainly the 
case that, for (r, s) G B{R,S), the function t i-^ K{r, s;t) is both continuous and bounded on M. Therefore, 
by (9.65) and the case cr = 1 of the bounds in (9.64), it follows that if (r, s) G B{R, S) and j > 1 then 



oo 

^ a„ ^ A{e)KrAn,i)<^j P\s\y\ J \K{r,s;t)\ - 



dt 



+ \t\y ■ 
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Consequently, given the definitions (1.4.10), (1.4.8) of A and B{R,S) (which ensure, amongst other things, 
that the latter is a finite set), one has the bounds: 



(9.68) 



The next step is (in effect) to apply the 'Kloosterman to spectral' sum formula (Theorem 1), in order 
to express K{r,s;t) (as given by (9.66)) in terms of spectral data associated with the space L^(ro(rs)\G). 
However we save some time and space by using, in place of Theorem 1, the Corollary to Theorems 1 and 2. 

Note firstly that, given the constraint (9.56) on Supp(ri), it is shown by Lemma 9.4 that, for each i G M, 
the hypotheses of the Corollary to Theorems 1 and 2 concerning ip : (0,oo) C, X, A and / : C* ^ C 
are satisfied when one has: ip = ipt (the function defined in (9.67)), X as defined in (1.4.7), A = 8, and 
f{z) = ft{\z\) {z G C*). We have, in particular, 

Supp {(fit) C [2-3x- V2 , 2^X-y^] {t e R), (9.69) 

and so, given (1.4.7) and (9.61), the conditions 2~^D* < |cp < 2^D* constraining the innermost summation 
on the right-hand side of the equation (9.66) are, in effect, superfluous: for if 7V/4 < |np < N, and if 
L/2 < < L, then tpt{\2'!rVn£/c\) = for all c € ^/'C°° that satisfy either \c\^ < or \c\^ > 2^D*. 

It therefore follows by the Corollary to Theorems 1 and 2 that, when (r, s) G B{R, 5), i e M and > 0, one 
has: 

(ro(rs)) 



K(r,s;i)= K/t(!^y,0) ^ a^Hi^c]}' {n;vv,Q) ^Wl^r'*c?? (£; zvy, 0) + (9.70) 



vj>0 ^<\n\^<N ^<W<L 



. O j (logX) Y, (l + \n{lls)\N^+'/^) (l + |m(oo)|L"+V2) ||^^||^ / ^ |^(^)|. 



where 
and 



ft{z) = {z e C*) (9.71) 



Yt = X-^/^max 

,9>0 



^f(p) (9.72) 



(while the definitions of the cuspidal subspaces V, the spectral parameters uy, the K-transform, the Fourier 
coefficients Cy{n-.iy,p), the factors /i(o) and the norm |laAr||2 may, in each case, be found either in Subsec- 
tion 1.1, or else within the statements of Theorems 1 and 2, in Subsection 1.2). 

By Lemma 9.4 it follows that, when t £ M., the function tpt : (0, oo) C given by (9.67) is infinitely 
differentiable on (0,oo), and moreover satisfies 

fi^Hp) <i (1 + \t\yp~^ for i e N U {0} and p>0 (9.73) 

(although the implicit constant here does depend on i7, as well as on j, we are nevertheless correct in omitting 
to indicate this dependence on fl in (9.73), for our choice of ft was not dependent on anything else, and 
remains fixed). Hence, and by (9.69), (9.71) and our hypothesis (1.4.7) that X > 2, it follows that, when 
t & R, we may apply the bound in (1.2.17) for / = /j, A = 8, and = (pt, and so deduce, by (9.69) and 
(9.73) (for j = 0), that 

23^-1/2 

Kft{u,0)^ J 0(1)^ min{logX, zz-ilX''^ (logX)X" (0 < < 1/2). (9.74) 

2-3JC-1/2 
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By (9.69), (9.72) and the case j = 3 of (9.73), we have also 

Yt = X-3/2 max O {{1 + \t\f p-^) <^ {1 + \t\f {t&R). 

Moreover, it follows by the definition (1.4.8) that, when (r, s) € B{R, 5), q = rs and F = ro(g), one has 

|MlA)| = |Moo)| = |g|-i 

(for, as is observed towards the end of the proof of Theorem 11, if F = ro(Q'), and if s | g is such that q and 
q/s are coprime, then l//x(l/s) ~ l//z(oo) ~ q). 

Given the bound in (9.74), and given what has just been noted concerning Yt, /i(l/s) and /u(oo), we 
may deduce from the equation (9.70) and Theorem 3 that, for (r, s) G B{R, S), t gR and r] = e/16 > 0, 



(ro(r-s)) 

K(r,s;t)«(logX) J2 



V 



J2 a;^H'c\/'{n;uv,0)\l ^ A{i)\ir*c^ {e;uv,Oy\ 



TV+i/ax / L'J+i/sx ^ ^^^^ 



+ 



+ 0,|(l0gX)(l + |i|)3^1 + ll^J(^l+ i^^i ^ 

^ f <K|2<i 

By this and the case j = 13 of the bound (9.68), either 

(V^^ ^ / Afe/16+l/2\ / re/16+1/2 \ 

E |A(^)|2j Yl \Kr,s)\(l+ ^^^^ ^^^^ j, (9.75) 



■^<\e\^<L 

or else 



A « {log X)PS R'/' J 



dt 



+ 



U3 



(9.76) 



with <S'^^* = S!^^*{R,S;X;L,N) being the bounded and continuous non-negative real valued function of 
(u, y) e M X M that is given by the equation (9.25), in Lemma 9.3. 

In the latter of the two cases just described, the results (1.4.12) and (1.4.14) of Theorem 10 follow 
immediately from (9.76) and the bounds (9.26), (9.27) of Lemma 9.3 (the relevant calculation is straight- 
forward if one notes that RS = Q, that 1 < S''^ + \t/2\ < (1 + |t|)(5"^ for < 5 < 1 and i e M, and that 
4(1 + \t\ydt < 00 for 0- < -1). 

In the former case (in which the bound (9.75) holds) we may note that, since 

E \A{i)\^= Yl 0(1) «L 
(by the case j = fc = of the hypotheses in (1.4.5)), and since one has also 



and 

\B{R, S)\ < (2R^/^y (2S^/^y = 16RS = 16Q (9.77) 
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(by the definition of B{R, S) in (1.4.8). and tlie conditions in (1.4.6)), it therefore follows by a combination 
of the bound (9.75) and the Cauchy-Schwarz inequality that 

A2 = (^{logXr P'S'R Ml L\\ b\\l \B{R, S)\ Q^'^ (\ ^^[\^^ «, 

«, {\ogXfP^S llaivlls i ml 0"/' (g + iV) (Q + L) (9.78) 
where ||6||2 is as stated in (1.4.13); and it moreover follows by (9.78), (1.4.13) and (9.77) that one has also: 

= O, ((logX)2p2^ llaArll^ L \\hf^ \B{R, S)\ Q^'^ (Q + iV) (g + L)) «, 

«e(iogX)2p25||a^||^L||6||^gi+^/2(g + 7V)(g + i:) , (9.79) 

where ||6||(x) is given by (1.4.15). 

The bound in (9.78) implies the result stated in (1.4.12) (where, by definition, one has i? > 0, and 
where, by hypothesis, one also has > 1). Moreover, when the hypotheses of Theorem 9 concerning 
a„ (n e £) — {0}), N,H,K e [l,oo) and a, ^ : C — )• C are satisfied, one has (see (8.27), in the proof of 
Lemma 8.4) the bound ||aAr||2 = Oe{N'^^^/'^), so that the bound (9.79) implies the result stated in (1.4.14) 
(given that, by the condition (1.4.6), one has N^/^ < Q'^^'^). 

By the conclusions reached in the last three paragraphs, we have obtained, in all relevant cases, what is 
stated in Theorem 10 ■ 
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